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Abstract
The main objetive of this work is to present a mathematical procedure to obtain the field equations, the canonical energy-momentum

tensor and the Belinfante-Rosenfeld tensor for non-local Lagrangians. This procedure is based on two steps: the first step is to convert the
non-local Lagrangian into an order-n Lagrangian which depends on any order derivatives of the field. The second step is to extend the
order-n to infinity and sum the formal series from the outcomes [1][2][3]. As the Lagrangian is transformed into a series, the equation of
motion and Noether theorem can be derived as in [4]. Finally, this formalism is applied to classical electrodynamics for dispersive media.

The field equations and the action principle

Consider a Lagrangian for a vector field in Minkowski spacetime, Aa(x) where a = 1, ..., 4, that depends on the field derivatives up to the n-th
order; the action is

S =

∫
V
L(Aa, Aa;b, ..., Aa;b1,...,bn)d

4x (1)

where the subindices after a semicolon mean partial derivative. The field equations can be obtained from δS = 0 for field variation δAa such that
δAa;c1,...,ck = 0 for 0 ≤ k ≤ n on the boundary of V . Applying the usual variational calculus, the following field equations are obtained

Πa = 0, with Πa ≡
n∑
k=0

(−1)k∂b1...bk

(
∂L

∂Aa;b1...bk

)
. (2)

Noether theorem for higher order Lagrangians

Assume that the Lagrangian is invariant by Poincaré transformations

L(Aa, Aa;b...Aa;b1...bn) = L(A′a, A
′
a;b, ..., A

′
a;b1...bn

). (3)

The infinitesimal Poincaré transformation acts on coordinates as

x′a = xa + δxa, δxa = εa + ωabx
b where ωab + ωba = 0 (4)

and A′a(x′) = Aa(x)− ωbaAb(x). Following the scheme as in the derivation of the field equations, the conserved current is obtained:

Ja = εbT a
b +

1

2
ωbcJ a

bc (5)

with

T a
b =

∞∑
k=0

Πd|c1...ckaAd;c1...ckb − Lδ
a
b and J a

bc = 2x[cT
a
b] + S a

bc (6)

where Sbca = P [bc]a + Q[bc]a and with

P bca = 2

∞∑
k=0

Πc|ad1...dkAb ;d1...dk
and Qbca = 2

∞∑
k=0

k Πd|acd1...dk−1A ;b
d d1...dk−1

. (7)

Minkowski electrodynamics for dispersive media

The electromagnetic field produced by a distribution of free charge and current in a medium is ruled by Maxwell equations. For a homogeneous
isotropic dispersive medium, the simplest linear constitutive relation is D = ε ∗ E and H = µ−1 ∗B where ε and µ respectively are the dielectric
and magnetic functions. Because the constitutive relations are non-local, we postulate the following non-local action integral

S(x) =
1

4

∫
d4x

∫
d4yFab(x)M̂abcd(y)Fcd(x− y) (8)

where Fab = Ab;a − Aa;b and

M̂abcd(y) = (2π)−2
[
m̂(y)η̂a[cη̂d]b + 2ε̂(y)u[aη̂b][cud]

]
(9)

where η̂ab = ηab + uaub is the projector onto the hyperplane orthogonal to ub, m̂(x) and ε̂(x) are the Fourier transform of µ(ω, k)−1 and ε(ω, k)
respectively. A way of dealing with this sort of non-local Lagrangian consists in transforming it into an infinite order one by replacing Fed(x− y)
with its Taylor expansion around y = 0

Fed(x− y) =

∞∑
k=0

yc1...yck

k!
(−1)kFed;c1...ck(x) (10)

This leads to the Lagrangian

L =

∞∑
k=0

Mabcd|c1...ckAa;bAe;dc1...ck (11)

where the coefficients are

Mabcd|c1...ck =
(−1)k

k!

∫
d4yMabcd(y)yc1...yck. (12)

To derive the field equations and its stress-energy tensor, the expressions (2) and (6) can be used. Therefore, the field equations are

∂bH
ab = 0 where Hab = M̂abcd ∗ Fcd (13)

and the stress-energy tensor is

T a
b =

1

2
HaeAe;b −

1

4
δabFefH

ef − 1

2

∫
d4y M̂efcd(y)

∂

∂yf

∫ 1

0
dλ yaFcd(X− λy)Ae;b(X) (14)

where X = x + (1− λ)y.
The Belinfante-Rosenfeld tensor is defined as,

Θba = T ab + ∂cWcab (15)

where
Wcab =

1

2
∆cab
klm

(
P klm + Qklm

)
with ∆cab

klm = δc[kδ
a
l]δ
b
m + δc[kδ

b
l]δ
a
m − δa[kδ

b
l]δ
c
m (16)

After some algebra, we obtain that

Θba =
1

2
HcaF b

c −
1

4
ηabFedH

ed +
1

2
Fed

[
M̂edh[b ∗ F a]

h + M̂edh(b;a) ∗ Ah +
1

2

(
ybM̂edhf

)
∗ F ;a

hf

]
− 1

2

∫
d4yM̂hfed(y)

∂

∂yf

∫ 1

0
dλy(aG

b)
edh(x, y, λ)

(17)

where Gbedh(x, y, λ) is a function of the fields and their derivatives until second order in the spacetime points X and x− λy.
The Lagrangian for a non-dispersive medium is a particular case with M̂abcd(y) = Mabcdδ4(y), being Mabcd = constant. Therefore, applying the

last condition to (17), we obtain

Θba = HcaF b
c −

1

4
ηabFedH

ed (18)

and the energy-momentum tensor for Minkowski electrodynamics is recovered.

Conclusions

We show that, through the procedure of converting the non-local Lagrangian into an infinite series, the field equations, the canonical stress-energy
tensor and the Belinfate-Rosenfeld tensor can be obtained for the case of electrodynamics for dispersive media. Moreover, applying the condition
for non-dispersive media M̂abcd(y) = Mabcdδ4(y), the Minkowski electrodynamics is recovered.
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