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Abstract
The main objetive of this work is to present a mathematical procedure to obtain the field equations, the canonical energy-momentum

tensor and the Belinfante-Rosenfeld tensor for non-local Lagrangians. This procedure is based on two steps: the first step is to convert the
non-local Lagrangian into an order-n Lagrangian which depends on any order derivatives of the field. The second step is to extend the
order-n to infinity and sum the formal series from the outcomes [1][2][3]. As the Lagrangian is transformed into a series, the equation of
motion and Noether theorem can be derived as in [4]. Finally, this formalism is applied to classical electrodynamics for dispersive media.

The field equations and the action principle

Consider a Lagrangian for a vector field in Minkowski spacetime, A,(z) where a = 1, ...,4, that depends on the field derivatives up to the n-th
order; the action is

S:/V£<Aaaf4a;ba---aAa;bl,...,bn>d437 (1)

where the subindices after a semicolon mean partial derivative. The field equations can be obtained from 0S = 0 for field variation 0 A, such that
0Auc,....c, = 0for 0 <k < nontheboundary of V. Applying the usual variational calculus, the following field equations are obtained

[M*=0, with %= Xn:(—nkablmbk oL . (2)
aAa blbk

Noether theorem for higher order Lagrangians

Assume that the Lagrangian is invariant by Poincaré transformations

/ / /
L(Aaa Aa;bmAa;bl...bn) — ['(Aaa Aa;ba ey Aa;bl...bn>‘ (3)
The infinitesimal Poincaré transformation acts on coordinates as
7' = 2% + 62, o =" + w%xb where  wyp + wpg =0 (4)

and A’ (z/) = Au(z) — wlAy(x). Following the scheme as in the derivation of the field equations, the conserved current is obtained:

1
Ja — eb%a _I_ §wb6\7bca (5)
with
o
7??& - Z HdlqmcmAd;Cl---Ckb - 55[? and jbca - Zx[c’ﬁ?]a + Sbca (6)
k=0
where 8@ = plbcla 1 glbca and with
o o b
k=0 k=0

Minkowski electrodynamics for dispersive media

The electromagnetic field produced by a distribution of free charge and current in a medium is ruled by Maxwell equations. For a homogeneous
isotropic dispersive medium, the simplest linear constitutive relation is D = ¢ * E and H = 1~ ! * B where ¢ and p respectively are the dielectric
and magnetic functions. Because the constitutive relations are non-local, we postulate the following non-local action integral

S(o) = [ dla [ dlyFu@Nr Uy Fto — y ®)

where F;, = Ay, — A, and
M»y) = (2m) [m(y)ﬁa[cﬁd]b + 2 (y)uly” [Cudq 9)

where 7% = 7% 4 4% is the projector onto the hyperplane orthogonal to u’, 7i2(x) and £(x) are the Fourier transform of j(w, k) ™! and e(w, k)
respectively. A way of dealing with this sort of non-local Lagrangian consists in transforming it into an infinite order one by replacing F,;(x — y)

with its Taylor expansion around y = 0
O Cl

Foglz —y) = Z ’ k|y <_1>kFed;cl...ck(37> (10)
k=0 '
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This leads to the Lagrangian

o
L= Z Made’q”'CkAa;bAe;dcl...ck (11)
k=0
where the coefficients are .
—1
Mabcd\cl...ck _ ( k') /d4yMade(y)ycl...yck. (12)

To derive the field equations and its stress-energy tensor, the expressions (2) and (6) can be used. Therefore, the field equations are

OHY™ =0  where HY = poed o B (13)
and the stress-energy tensor is
go_lpeey _lsop prer 1 / Ay Met Cd(y)i / 1 A\ yOF. (X = Ay) A, (X) (14)
b 9 e:b 1 btef 9 8yf 0 cd e:b
where X =z + (1 — \)y.
The Belinfante-Rosenfeld tensor is defined as,
@ba _ Tab 4 aCWcab (15)
where
1
weab — Sageb (PRm o QMMY with A = o63f0h, + 36056 — 43505, (16)
After some algebra, we obtain that
1 1 | ~ ~ . 1 . .
oba _ L pyea Fcb B _nab P, ged 4 - F, apedhlb Fc;L] 1 pedhlba) Ay 4= (yb pyedh f) . Fh}a
2 4 2 2 (17)

—1/d4 MhTed )ifldA (@Q? (.4, \)
2 y y 5)yf 0 y edh 7y7

where Gbe a1 (T, y, A) is a function of the fields and their derivatives until second order in the spacetime points X and = — Ay.

The Lagrangian for a non-dispersive medium is a particular case with M (y) = M@cd5d(y), being M = constant. Therefore, applying the

last condition to (17), we obtain

1
@ba _ HcaFC b ZnabFedHed (18)

and the energy-momentum tensor for Minkowski electrodynamics is recovered.

Conclusions

We show that, through the procedure of converting the non-local Lagrangian into an infinite series, the field equations, the canonical stress-energy
tensor and the Belinfate-Rosenfeld tensor can be obtained for the case of electrodynamics for dispersive media. Moreover, applying the condition
for non-dispersive media M abed () = Mabedgd(y), the Minkowski electrodynamics is recovered.
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