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• Def: A non-local Lagrangian is a functional

Ex:

• Def: An infinite-order Lagrangian is a functional

Ex:

Not to be confused with 
quantum entanglement. 
It is another type of 
non-locality!

<latexit sha1_base64="yPu25C5ax69S+PS9PMUdq0Cu9ig="></latexit>

L(q, t) = q(t)(K ⇤ q)(t) = q(t)

Z

R
d�K(t� �) q(�)

<latexit sha1_base64="pAZajm9Lz6jHJAy6kvI48VBZxs4="></latexit>

L([q], t), ([q], t) 2 K0 ⇢ C1(R)⇥ R

where        means functional dependence on the whole          .                
<latexit sha1_base64="ANfWzkTurFsGLctkwUMkhhWVxEE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2lZoQ9lsJ+3SzSbuboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqIaAaBZfYMtwIfEgU0igQ2AnG1zO/84RK81jem0mCfkSHkoecUWOlu+6j3y9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3oX1fptvdKo5XEU4QRO4Rw8uIQG3EATWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wc7qo26</latexit>

[q]
<latexit sha1_base64="TYok8X7Mkt1eK7D6DABgLwpp9CY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx4MVjBfsh7VKyabYNTbLbJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49u5336iSrNIPphpTH2Bh5KFjGBjpcdJuafZUODLfrHkVtwF0DrxMlKCDI1+8as3iEgiqDSEY627nhsbP8XKMMLprNBLNI0xGeMh7VoqsaDaTxcHz9CFVQYojJQtadBC/T2RYqH1VAS2U2Az0qveXPzP6yYmvPFTJuPEUEmWi8KEIxOh+fdowBQlhk8twUQxeysiI6wwMTajgg3BW315nbSqFe+qUruvlerVLI48nME5lMGDa6jDHTSgCQQEPMMrvDnKeXHenY9la87JZk7hD5zPHzaAj/w=</latexit>

q(�)

<latexit sha1_base64="pltn3wKi3M0KHJ3Ij6VQl/L3+6k="></latexit>

L

✓n
q(k)

o

k2N
, t

◆
,

⇣n
q(k), t

o⌘
2 K0 ⇢ RN ⇥ R

<latexit sha1_base64="GsPwi9gKRAiYmDIaIrGRz4c427w="></latexit>

L(q, ..., q(k), ..., t) = q(t)
1X

n=0

q(k)(t)
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• Def: Non-local gravity is a model of gravity 
described by a non-local Lagrangian.

Ex:
<latexit sha1_base64="Y1WEk18zZuJMnnCRZY6NNXTBnsA="></latexit>

L =
1

2

p
�g R

�
1 + F

⇥
⇤�1R

⇤�

<latexit sha1_base64="R0b10QRPtuOeXbbrEmx/x2wY/mo="></latexit>

⇤�1R :=

Z

R
dx0 K(x;x0)R(x0)

Q1: How do we find this kernel?

where
<latexit sha1_base64="9pmLEl9X1isvZw9N7lwBP9jej04=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIurDMSFERhFJduKxgLzAzLZk0bUMzmSEXsQx9Bje+ihsXirh15c63MW1noa0HEj7+/xyS8wcxo1LZ9reVWVhcWl7JrubW1jc2t/LbO3UZaYFJDUcsEs0AScIoJzVFFSPNWBAUBow0gsHV2G/cEyFpxO/UMCZ+iHqcdilGykjt/JFXiR5aybEzuriEbq+deKH2uB7B65ah8c21P/Hb+YJdtCcF58FJoQDSqrbzX14nwjokXGGGpHQdO1Z+goSimJFRztOSxAgPUI+4BjkKifSTyUojeGCUDuxGwhyu4ET9PZGgUMphGJjOEKm+nPXG4n+eq1X33E8oj7UiHE8f6moGVQTH+cAOFQQrNjSAsKDmrxD3kUBYmRRzJgRnduV5qJ8UndNi6bZUKFfSOLJgD+yDQ+CAM1AGN6AKagCDR/AMXsGb9WS9WO/Wx7Q1Y6Uzu+BPWZ8/hyecxg==</latexit>

⇤�1 := [gµ⌫D
µD⌫ ]�1

• Motivation: Possible explanation for the cosmic 
expansion of the Universe without introducing Dark 
Energy. [arXiv: 0706.2151 //2201.04512]
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• Def: Infinite-derivative gravity (IDG) is a model of gravity 
described by an infinite-order Lagrangian.

Ex:

where

• Motivation: it gives a chance to avoid both cosmological 
and black hole singularities.

<latexit sha1_base64="KIdGcRNgN3G1zV0nnmDyyKqJznc="></latexit>

L =
1

2

p
�g R


1 +

1

2
F (⇤)R

�

<latexit sha1_base64="HdkkJAUVmswvom2Q8fn7a9iiiN8="></latexit>

F (⇤) =
1X

n=0

f (n)(0)

n!
⇤n

Q2: What is the space that makes 
the infinite series converge?

Q3: Is there a way to connect infinite order theories with non-local ones?  

[arXiv: 1110.5249 //0508194]
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• Def: Noether’s Theorem - For every symmetry,

there exists a conserved quantity.

Q4: Could it be applied to NLL?  • Let’s look inside the proof:

We take <latexit sha1_base64="weD4CAqrjgpSEvY6Etj1cfaiYb0="></latexit>

�S =

Z ta

tb

dt0 L0(q0, q̇0, t0)�
Z tc

td

dt L(q, q̇, t)

<latexit sha1_base64="Z18czpwzsWJgunTYMAuqJNUP/s0="></latexit>

=

Z ta

tb

dt L0(q0, q̇0, t)�
Z tc

td

dt L(q, q̇, t)

Now, we consider an infinitesimal transformation: 

and, moreover, to make the notation more familiar:
<latexit sha1_base64="j5n51cbOudsIZ+GRfgqVxnOIpu4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokUFUEoePFYwX5gG8Jmu2mXbjZhdyKU0n/hxYMiXv033vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh8Hbqt564NiJRDzhKuR/TvhKRYBSt9IhBSK5vCAZeUCq7FXcGsky8nJQhRz0ofXV7CctirpBJakzHc1P0x1SjYJJPit3M8JSyIe3zjqWKxtz449nFE3JqlR6JEm1LIZmpvyfGNDZmFIe2M6Y4MIveVPzP62QYXfljodIMuWLzRVEmCSZk+j7pCc0ZypEllGlhbyVsQDVlaEMq2hC8xZeXSfO84l1UqvfVcq2ax1GAYziBM/DgEmpwB3VoAAMFz/AKb45xXpx352PeuuLkM0fwB87nD/2fj8k=</latexit>

tb := t1
<latexit sha1_base64="7YrCFewtyBR8VEDS1tEi3oFRaJ4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoCIIAS8eI5gHJssyO5kkQ2Znl5leIYT8hRcPinj1b7z5N06SPWhiQUNR1U13V5hIYdB1v53c2vrG5lZ+u7Czu7d/UDw8apo41Yw3WCxj3Q6p4VIo3kCBkrcTzWkUSt4KR7czv/XEtRGxesBxwv2IDpToC0bRSo8YUHJ9QzCoBMWSW3bnIKvEy0gJMtSD4le3F7M04gqZpMZ0PDdBf0I1Cib5tNBNDU8oG9EB71iqaMSNP5lfPCVnVumRfqxtKSRz9ffEhEbGjKPQdkYUh2bZm4n/eZ0U+1f+RKgkRa7YYlE/lQRjMnuf9ITmDOXYEsq0sLcSNqSaMrQhFWwI3vLLq6RZKXsX5ep9tVSrZnHk4QRO4Rw8uIQa3EEdGsBAwTO8wptjnBfn3flYtOacbOYY/sD5/AH9mI/J</latexit>

ta := t2

<latexit sha1_base64="fxOOYfjj6F8ZGJ3JaKHX5X2HcDI=">AAAB/nicbZDLSsNAFIYn9VbrrSqu3AwWQRBKIkXdCAU3LivYC7QhTCaTduhkEmZOhBIKvoobF4q49Tnc+TZO2iy09YeBj/+cwznz+4ngGmz72yqtrK6tb5Q3K1vbO7t71f2Djo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fJvXu49MaR7LB5gkzI3IUPKQUwLG8qpH4AX4BoPn4/NBwASQnL1qza7bM+FlcAqooUItr/o1CGKaRkwCFUTrvmMn4GZEAaeCTSuDVLOE0DEZsr5BSSKm3Wx2/hSfGifAYazMk4Bn7u+JjERaTyLfdEYERnqxlpv/1fophNduxmWSApN0vihMBYYY51nggCtGQUwMEKq4uRXTEVGEgkmsYkJwFr+8DJ2LunNZb9w3as1GEUcZHaMTdIYcdIWa6A61UBtRlKFn9IrerCfrxXq3PuatJauYOUR/ZH3+AFC2lGc=</latexit>

td = tb + �tb
<latexit sha1_base64="UbnUStlB2cBGW0YU0VBn27RnaF4=">AAAB/nicbZDLSsNAFIYn9VbrrSqu3AwWQRBKIkXdCAU3LivYC7QhTCaTduhkEmZOhBIKvoobF4q49Tnc+TZO2iy09YeBj/+cwznz+4ngGmz72yqtrK6tb5Q3K1vbO7t71f2Djo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fJvXu49MaR7LB5gkzI3IUPKQUwLG8qpH4FF8g8Ej+HwQMAEkZ69as+v2THgZnAJqqFDLq34NgpimEZNABdG679gJuBlRwKlg08og1SwhdEyGrG9QkohpN5udP8WnxglwGCvzJOCZ+3siI5HWk8g3nRGBkV6s5eZ/tX4K4bWbcZmkwCSdLwpTgSHGeRY44IpREBMDhCpubsV0RBShYBKrmBCcxS8vQ+ei7lzWG/eNWrNRxFFGx+gEnSEHXaEmukMt1EYUZegZvaI368l6sd6tj3lrySpmDtEfWZ8/TAyUZA==</latexit>

tc = ta + �ta
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<latexit sha1_base64="2FcKSVdNc7onaJAOIP/Fhu0l7sY=">AAACCnicbVDLSgMxFM3UV62vqks30SJUhDIjRd0IRTcuK9gHdMaSSW/b0MyjyR2hlK7d+CtuXCji1i9w59+YPhZaPRBycs693Nzjx1JotO0vK7WwuLS8kl7NrK1vbG5lt3eqOkoUhwqPZKTqPtMgRQgVFCihHitggS+h5veuxn7tHpQWUXiLgxi8gHVC0RacoZGa2f3+nRsrEUAej+gF7Y+vY+q2QCKbvprZnF2wJ6B/iTMjOTJDuZn9dFsRTwIIkUumdcOxY/SGTKHgEkYZN9EQM95jHWgYGrIAtDecrDKih0Zp0XakzAmRTtSfHUMWaD0IfFMZMOzqeW8s/uc1Emyfe0MRxglCyKeD2omkGNFxLrQlFHCUA0MYV8L8lfIuU4yjSS9jQnDmV/5LqicF57RQvCnmSpezONJkjxyQPHHIGSmRa1ImFcLJA3kiL+TVerSerTfrfVqasmY9u+QXrI9vLCOYBQ==</latexit>

q0(t) = q(t) + �q(t)

Therefore,

<latexit sha1_base64="X+tZ9RfFgiA0kMdxcoFoKbDnNHs=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oWw2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKXHXggSGcW+6JcrbtWdg64SLycVkqPRL3/1woRnMSjkkhnT9dwU/QnTKLiEaamXGUgZH7EBdC1VLAbjT+YXT+mZVUIaJdqWQjpXf09MWGzMOA5sZ8xwaJa9mfif180wuvYnQqUZguKLRVEmKSZ09j4NhQaOcmwJ41rYWykfMs042pBKNgRv+eVV0rqoepfV2n2tUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBQxqQqQ==</latexit>

�ti

<latexit sha1_base64="mpyuZHA+Oq8vTouffH4zmNnwfVs=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEClJmpKjLohsXLirYB7TDkEkzbWjmYXJHKENx46+4caGIW7/CnX9jpp2FVg8kHM659yb3eLHgCizryygsLC4trxRXS2vrG5tb5vZOS0WJpKxJIxHJjkcUEzxkTeAgWCeWjASeYG1vdJn57XsmFY/CWxjHzAnIIOQ+pwS05Jp715W7Crj86LjXjwDnPLtcs2xVrSnwX2LnpIxyNFzzU4+gScBCoIIo1bWtGJyUSOBUsEmplygWEzoiA9bVNCQBU046XWGCD7XSx34k9QkBT9WfHSkJlBoHnq4MCAzVvJeJ/3ndBPxzJ+VhnAAL6ewhPxEYIpzlgftcMgpirAmhkuu/YjokklDQqZV0CPb8yn9J66Rqn1ZrN7Vy/SKPo4j20QGqIBudoTq6Qg3URBQ9oCf0gl6NR+PZeDPeZ6UFI+/ZRb9gfHwDiuiVng==</latexit>

L(q(ti), q̇(ti), ti)

Now, consider
<latexit sha1_base64="/kXksxc6AGcuUzZkjidNwKxKfgE=">AAACNHicfVDLSgMxFM34rPVVdekmWISKUmakqBuh4Eawiwr2AW0tmfS2DWYeJneEUvpRbvwQNyK4UMSt32DaDqKteCBwcs69N7nHDaXQaNvP1szs3PzCYmIpubyyurae2tgs6yBSHEo8kIGqukyDFD6UUKCEaqiAea6 EintzNvQrd6C0CPwr7IXQ8FjHF23BGRqpmbooXNdDJTzI3MbkoN4KkH7fcI+e0sI/7j6tt0Aio4VmKm1n7RHoNHFikiYxis3Uo5nGIw985JJpXXPsEBt9plBwCYNkPdIQMn7DOlAz1Gce6EZ/tPSA7hqlRduBMsdHOlJ/dvSZp3XPc02lx7CrJ72h+JdXi7B90ugLP4wQfD5+qB1JigEdJkhbQgFH2TOEcSXMXynvMsU4mpyTJgRncuVpUj7MOkfZ3GUunT+M40iQbbJDMsQhxyRPzkmRlAgn9+SJvJI368F6sd6tj3HpjBX3bJFfsD6/AMeVqZs=</latexit>

L0(q0, q̇0, t) = L(q0, q̇0, t) + �L , and
<latexit sha1_base64="WguetmacT7K661r483/9bKlOfDk="></latexit>

L(q0, q̇0, t) = L(q + �q, q̇ + �q̇, t) = L(q, q̇, t) +
�L(q, q̇, t)

�q
�q +

�L(q, q̇, t)

�q̇
�q̇

<latexit sha1_base64="gY5sOwByI87CHelTirhXkSswD3E="></latexit>

=

Z t2

t1

dt L0(q0, q̇0, t)�
Z t2+�t2

t1+�t1

dt L(q, q̇, t)

<latexit sha1_base64="b2ruIgdvwRDbGSuJaGJRWAhWUp0="></latexit>

=

Z t2

t1

dt [L0(q0, q̇0, t)� L(q, q̇, t)]

<latexit sha1_base64="3+XCQIOg4Uq4JMFcjXD9jwar710=">AAACOnicbVDLTgIxFO3gC/GFunTTSEwwKpkSoi5J3LhwAYk8EiCkUwo0dB62d0wI4bvc+BXuXLhxoTFu/QA7wywQPEmb03PPbXuPE0ihwbZfrdTK6tr6Rnozs7W9s7uX3T+oaz9UjNeYL33VdKjmUni8BgIkbwaKU9eRvOGMbqJ645ErLXzvHsYB77h04Im+YBSM1M1Wz/Bd/iEP3eLpebvnA044jva2kbgEGh3wRWIkc0YSG8m8kXSzObtgx8DLhCQkhxJUutkXcx8LXe4Bk1TrFrED6EyoAsEkn2baoeYBZSM64C1DPepy3ZnEo0/xiVF6uO8rszzAsTrfMaGu1mPXMU6XwlAv1iLxv1orhP51ZyK8IATusdlD/VBi8HGUI+4JxRnIsSGUKWH+itmQKsrApJ0xIZDFkZdJvVggl4VStZQrl5I40ugIHaM8IugKldEtqqAaYugJvaEP9Gk9W+/Wl/U9s6aspOcQ/YH18wvWT6eA</latexit>

+L(q(t2), q̇(t2), t2) �t2 � L(q(t1), q̇(t1), t1) �t1
<latexit sha1_base64="YJgyRCO9zZdeTnl/5uRllmxTrUU="></latexit>

=

Z t2

t1

dt

⇢
[L0(q0, q̇0, t)� L(q, q̇, t)] +

d

dt
[L(q, q̇, t) �t]

�

<latexit sha1_base64="4XNeaxu7KSnU/W+th8BnAnWdyFM=">AAACY3icjVFNS8MwGE6rzrn5UT9uIgSHMFFGK0O9CAMvHjwoODdYy0izVMPSjyVvhVn6J7158+L/MNsquOnBFwJPng+SPPETwRXY9rthLi2vlFbLa5Xq+sbmlrW986jiVFLWprGIZdcnigkesTZwEKybSEZCX7COP7ye6J0XJhWPowcYJ8wLyVPEA04JaKpvveIrfFsfnbqDGPDoFI7xCXYDSWjmDpgAMi/m3+wo/wb/88+YfG7Xt2p2w54O/g2cAtRQMXd9600HaRqyCKggSvUcOwEvIxI4FSyvuKliCaFD8sR6GkYkZMrLph3l+EgzAxzEUq8I8JT9mchIqNQ49LUzJPCsFrUJ+ZfWSyG49DIeJSmwiM4OClKBIcaTwvGAS0ZBjDUgVHJ9V0yfiW4M9LdUdAnO4pN/g8ezhnPeaN43a61mUUcZ7aNDVEcOukAtdIPuUBtR9GGUjC3DMj7Nqrlj7s2splFkdtHcmAdfNqS0LA==</latexit>

= L(q, q̇, t) +
�L(q, q̇, t)

�q
�q +

�L(q, q̇, t)

�q̇
�q̇

Taylor approximation! Second order terms are neglected.
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Integrating by parts …

Q5: In non-local theories, 
it’s not necessary to have 
derivatives, so how do you 
get the boundary terms?

In fact, if it is a Noether symmetry
(EOMs are identities) 

Q6: In non-local 
theories, are the EOMs 
still identities?

<latexit sha1_base64="PN+pPFjApexxQ6U547lJ3A3RQaA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFdKaaiMIBTcuK9gHtKFMppN26MwkzEyEEvoLblwo4tYfcuffOGkjqOiBC4dz7uXee4KYUaUd58MqrKyurW8UN0tb2zu7e+X9g46KEolJG0cskr0AKcKoIG1NNSO9WBLEA0a6wfQ687v3RCoaiTs9i4nP0VjQkGKkM+nyCsbDcsWxvUbdc8+gYzsLZKTu1VwPVnOlAnK0huX3wSjCCSdCY4aU6ledWPspkppiRualQaJIjPAUjUnfUIE4UX66uHUOT4wygmEkTQkNF+r3iRRxpWY8MJ0c6Yn67WXiX14/0WHDT6mIE00EXi4KEwZ1BLPH4YhKgjWbGYKwpOZWiCdIIqxNPCUTwten8H/SqdnVc9u9dSvNWh5HERyBY3AKquACNMENaIE2wGACHsATeLa49Wi9WK/L1oKVzxyCH7DePgGOdY3l</latexit>:= p(The Legendre transformation) 

<latexit sha1_base64="pzbsQQ9UgF1ZlCMg00nr/XAVq9s="></latexit>

=

Z t2

t1

dt

⇢
�L+

@L

@q
�q +

@L

�q̇
�q̇ +

d

dt
[L(q, q̇, t)�t]

�

<latexit sha1_base64="vO/zjYPUfMfP0Gxt9baoMvgH8Yg="></latexit>

=

Z t2

t1

dt

⇢
�L+


@L

@q
� d

dt

@L

�q̇

�
�q +

d

dt


L(q, q̇, t)�t+

@L

@q̇
�q

��

<latexit sha1_base64="hcEBWNV9YGhdYYxtrqkbjF/cX+A="></latexit>

=

Z t2

t1

dt

⇢
�L+  (q, t)�q +

d

dt


L(q, q̇, t)�t+

@L

@q̇
�q

��

<latexit sha1_base64="pzlLhcjYgdmVfnWlK5/nIKUJ+AE=">AAACGHicbZC7SgNBFIZn4y3GW9TSZjAIESTuSlAbIWBjYRHBXCAbwuzsbDJk9uLMWSEs+xg2voqNhSK26XwbZ5MUMfGHgY//nMOc8zuR4ApM88fIrayurW/kNwtb2zu7e8X9g6YKY0lZg4YilG2HKCZ4wBrAQbB2JBnxHcFazvA2q7eemVQ8DB5hFLGuT/oB9zgloK1e8dx2mQCC7/ENtj1JaGL7BAbST9w0nWNIW+WnMzjtFUtmxZwIL4M1gxKaqd4rjm03pLHPAqCCKNWxzAi6CZHAqWBpwY4Viwgdkj7raAyIz1Q3mRyW4hPtuNgLpX4B4Ik7P5EQX6mR7+jObFO1WMvM/2qdGLzrbsKDKAYW0OlHXiwwhDhLCbtcMgpipIFQyfWumA6Ijgd0lgUdgrV48jI0LyrWZaX6UC3VqrM48ugIHaMystAVqqE7VEcNRNELekMf6NN4Nd6NL+N72pozZjOH6I+M8S8JEKBi</latexit>

�L =
d

dt
W (q, t)

<latexit sha1_base64="et5+ynK3MHvBAY1GjOglT2a4wsI="></latexit>

=

Z t2

t1

dt

⇢
 (q, t)�q +

d

dt


L(q, q̇, t)�t+W (q, q̇, t) +

@L

@q̇
�q

��
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As it has to be valid                        :    
<latexit sha1_base64="xZ8OG5jlQzvLobC7hqp338j3efw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkpSiroRCm50V8E+IA1hMp20QycPZm6EEOqvuHGhiFs/xJ1/47TNQlsPDBzOuZd75viJ4Aos69sora1vbG6Vtys7u3v7B+bhUVfFqaSsQ2MRy75PFBM8Yh3gIFg/kYyEvmA9f3Iz83uPTCoeRw+QJcwNySjiAacEtOSZ1UEQSyIEvrt2wLPPwWu4nlmz6tYceJXYBamhAm3P/BoMY5qGLAIqiFKObSXg5kQCp4JNK4NUsYTQCRkxR9OIhEy5+Tz8FJ9qZYh1Cv0iwHP190ZOQqWy0NeTIYGxWvZm4n+ek0Jw5eY8SlJgEV0cClKBIcazJvCQS0ZBZJoQKrnOiumYSEJB91XRJdjLX14l3Ubdvqg375u1VqOoo4yO0Qk6Qza6RC10i9qogyjK0DN6RW/Gk/FivBsfi9GSUexU0R8Ynz8+JZPR</latexit>

8I = [t1, t2]

Noether’s identity:

Noether’s current:

(It’s conserved on shell)

But, (Q5) how do we get the boundary terms for a non-local Lagrangian?    
<latexit sha1_base64="yPu25C5ax69S+PS9PMUdq0Cu9ig="></latexit>

L(q, t) = q(t)(K ⇤ q)(t) = q(t)

Z

R
d�K(t� �) q(�)

We need a new formalism to do it, and we call it non-local kinematic.     

(Of course, we can always rewrite the 
convolution as a formal Taylor series) 

<latexit sha1_base64="he8gSR9fdWZRgLosA6XU3pG52AY=">AAACL3icbZBbSwJBFMdn7WZ2s3rsZUgCRZHdkIogEIKI6MEgL6CLzI6jDs5enDkbyOI36qWv4ktEEb32LRovQWoHBv78/ufMzPk7geAKTPPNiK2srq1vxDcTW9s7u3vJ/YOK8kNJWZn6wpc1hygmuMfKwEGwWiAZcR3Bqk7veuxXn5hU3PceYRAw2yUdj7c5JaBRM3lzl+7nGi0fcD8HGXx5he/nQKPFBBAMWVyd41kc/Hr9NGSayZSZNyeFl4U1Eyk0q1IzOdJ30dBlHlBBlKpbZgB2RCRwKtgw0QgVCwjtkQ6ra+kRlyk7muw7xCeatHDbl/p4gCf070REXKUGrqM7XQJdteiN4X9ePYT2hR1xLwiBeXT6UDsUGHw8Dg+3uGQUxEALQiXXf8W0SyShoCNO6BCsxZWXReU0b53lCw+FVLEwiyOOjtAxSiMLnaMiukUlVEYUPaMRekcfxovxanwaX9PWmDGbOURzZXz/AGE8pGg=</latexit>

J(q, q̇, t) := L(q, q̇, t)�t+W (q, q̇, t) + p�q(t)

<latexit sha1_base64="z+kAPBtFpaRcBnq9WsZLEy4xXxk="></latexit>

 (q, t)�q +
d

dt
J(q, q̇, t) ⌘ 0

<latexit sha1_base64="7/x+/8mKwycQHCpyQBO3tUF9S7E=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUKHVGiroRCm7EVQX7gE4pmTTThmYeTe4IZZjPcOOvuHGhiNvu/BszbRe19UDgcM495N7jhIIrMM0fI7O2vrG5ld3O7ezu7R/kD48aKogkZXUaiEC2HKKY4D6rAwfBWqFkxHMEazrDu9RvPjOpeOA/wThkHY/0fe5ySkBL3fyF7UpCY9sjMJBe3EuSBQ7JQ3FUsnsB4FEJzvEtNrv5glk2p8CrxJqTApqj1s1PdJ5GHvOBCqJU2zJD6MREAqeCJTk7UiwkdEj6rK2pTzymOvH0sASfaaWH3UDq5wOeqouJmHhKjT1HT6ZLq2UvFf/z2hG4N52Y+2EEzKezj9xIYAhw2hLucckoiLEmhEqud8V0QHRToLvM6RKs5ZNXSeOybF2VK4+VQrUyryOLTtApKiILXaMqukc1VEcUvaA39IE+jVfj3fgyvmejGWOeOUZ/YEx+Abj0oBM=</latexit>

d

dt
J(q, q̇, t) = 0
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• Obs-Q6: It is well known that if the Lagrangian is total 
derivative, the EOMs are identities. 

• But, it is true for non-local ones?

• Let’s see it with an example. Consider:

To find the total derivative, we need to solve the following equation:

Indeed, a particular solution is:

<latexit sha1_base64="NOtr6PANyLrGLfsTp0ha+ORbkto=">AAACCXicbVC7SgNBFJ2NrxhfUUubwSAkIGE3BLURAjYWFhHMAzZrmJ3MJkNmH5m5K4RlWxt/xcZCEVv/wM6/cfIoNPHAwOGce7hzjxsJrsA0v43Myura+kZ2M7e1vbO7l98/aKowlpQ1aChC2XaJYoIHrAEcBGtHkhHfFazlDq8mfuuBScXD4A7GEXN80g+4xykBLXXz+KZoj5xTKF3ijicJTaw0qaSdXgh4VITSfaWbL5hlcwq8TKw5KaA56t38l07T2GcBUEGUsi0zAichEjgVLM11YsUiQoekz2xNA+Iz5STTS1J8opUe9kKpXwB4qv5OJMRXauy7etInMFCL3kT8z7Nj8C6chAdRDCygs0VeLDCEeFIL7nHJKIixJoRKrv+K6YDoQkCXl9MlWIsnL5NmpWydlau31UKtOq8ji47QMSoiC52jGrpGddRAFD2iZ/SK3own48V4Nz5moxljnjlEf2B8/gDUgph9</latexit>

L([q], t) =
1

2
q̇(t)2

<latexit sha1_base64="WMDcZmK6L37m0Svgk3mUnIElUeY=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxCBSmJFHUjFNy4cFHBXqANZTKdtEMnF2dOhBLyHG58FTcuFHEnbnwbJ20WtfWHgY//nMOc87uR4Aos68dYWl5ZXVsvbBQ3t7Z3ds29/aYKY0lZg4YilG2XKCZ4wBrAQbB2JBnxXcFa7ug6q7cemVQ8DO5hHDHHJ4OAe5wS0FbPtLueJDTp+gSG0k/6aTrDkLbKnQfnFE7wFb7NsWeWrIo1EV4EO4cSylXvmV/dfkhjnwVABVGqY1sROAmRwKlgabEbKxYROiID1tEYEJ8pJ5mcluJj7fSxF0r9AsATd3YiIb5SY9/Vndnaar6Wmf/VOjF4l07CgygGFtDpR14sMIQ4ywn3uWQUxFgDoZLrXTEdEp0V6DSLOgR7/uRFaJ5V7PNK9a5aqlXzOAroEB2hMrLRBaqhG1RHDUTRE3pBb+jdeDZejQ/jc9q6ZOQzB+iPjO9fD4Kgwg==</latexit>

d

dt
W ([q], t) = L([q], t)

<latexit sha1_base64="7Yja8vlc4h8hC590TFjttUhD26M=">AAACHnicbVDLSgMxFM34rPVVdekmWAQFKTNSHxtBcOPCRQX7gM44ZNJUg0lmTO4IZZgvceOvuHGhiOBK/8b0IWj1QOBwzrnk3hMlghtw3U9nYnJqema2MFecX1hcWi6trDZMnGrK6jQWsW5FxDDBFasDB8FaiWZERoI1o5uTvt+8Y9rwWF1AL2GBJFeKdzklYKWwtNfcat8GO7CNj3yu4DKDPMwgdHNfErjWMuvkcOknmkvm75x9Z8NS2a24A+C/xBuRMhqhFpbe/U5MU8kUUEGMaXtuAkFGNHAqWF70U8MSQm/IFWtbqohkJsgG5+V40yod3I21fQrwQP05kRFpTE9GNtlf2ox7ffE/r51C9zDIuEpSYIoOP+qmAkOM+13hDteMguhZQqjmdldMr4kmFGyjRVuCN37yX9LYrXj7lep5tXxcHdVRQOtoA20hDx2gY3SKaqiOKLpHj+gZvTgPzpPz6rwNoxPOaGYN/YLz8QVHI6Hr</latexit>

W ([q], t) =

Z t

t0

dt0 L([q], t)
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Note that:
<latexit sha1_base64="W8IidR2rClI22CPNls2qw/zpff8="></latexit>

W ([q], t) =
1

2

Z

R
dt0 ✓(t� t0) ✓(t0 � t0) q̇(t

0)2 =
1

2

⇥
✓ ⇤

�
✓t0 q̇

2
�⇤

(t)

(which is clearly non-local!) 

So, the action is

By varying the action, we arrive at

(it’s not an identity!) 

<latexit sha1_base64="vrg5+1hR3amwqYWs3e3jWL1BJ/s="></latexit>

=
1

2

⇥
✓ ⇤

�
✓t0 q̇

2
�⇤

(t)

<latexit sha1_base64="UKGE6Mp4+ryYE3NRUMnrJCeX18U="></latexit>

S([q]) =
1

2

�⇥
✓ ⇤ (✓t0 q̇2)

⇤
(t2)�

⇥
✓ ⇤ (✓t0 q̇2)

⇤
(t1)

 

<latexit sha1_base64="CJvk2FMEllR8FQcoGJw458mMYo8="></latexit>

�S([q]) = �
Z t2

t1

dt0 q̈(t0) �q(t0) 6⌘ 0

A non-local total derivative changes the EOMs ! 
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• Def: We define the time evolution operator       as
<latexit sha1_base64="JqVY+eUGpPAayX9H58NX5EQUTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rtrXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrFk4T7kd0pEQoGEUrPbQGOChX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nXRqVe+qWr+vVxq1PI4inME5XIIH19CAO2hCGxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gA4go24</latexit>

Tt
<latexit sha1_base64="5B7wykEp5X1d00VtUWWHuZds3n0=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvQbspMKSqCUHDjskIfQjsMmTTThmYeJneUMvZT3LhQxK1f4s6/MW1noa0HLvdwzr3k5nix4Aos69vIra1vbG7ltws7u3v7B2bxsKOiRFLWppGI5J1HFBM8ZG3gINhdLBkJPMG63vh65ncfmFQ8ClswiZkTkGHIfU4JaMk1iy0X8H3ZquDLK92hgl2zZFWtOfAqsTNSQhmarvnVH0Q0CVgIVBClerYVg5MSCZwKNi30E8ViQsdkyHqahiRgyknnp0/xqVYG2I+krhDwXP29kZJAqUng6cmAwEgtezPxP6+XgH/hpDyME2AhXTzkJwJDhGc54AGXjIKYaEKo5PpWTEdEEgo6rYIOwV7+8irp1Kr2WbV+Wy81alkceXSMTlAZ2egcNdANaqI2ougRPaNX9GY8GS/Gu/GxGM0Z2c4R+gPj8weVSJGU</latexit>

Ttq(0) := q(t)

<latexit sha1_base64="osQG/HvHYoSjx9VqntDQ7GB08XI=">AAACBnicbVDLSgMxFM3UV62vUZciBItQEcpMKSqCUHDjskJf0A5DJk3b0MzD5I5Qhq7c+CtuXCji1m9w59+YtiNo64HAuefcy809XiS4Asv6MjJLyyura9n13Mbm1vaOubvXUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXk/85j2TiodBDUYRc3zSD3iPUwJacs3Dmgv4rtBRvO+TE3x5pQs4/SldM28VrSnwIrFTkkcpqq752emGNPZZAFQQpdq2FYGTEAmcCjbOdWLFIkKHpM/amgbEZ8pJpmeM8bFWurgXSv0CwFP190RCfKVGvqc7fQIDNe9NxP+8dgy9CyfhQRQDC+hsUS8WGEI8yQR3uWQUxEgTQiXXf8V0QCShoJPL6RDs+ZMXSaNUtM+K5dtyvlJK48iiA3SECshG56iCblAV1RFFD+gJvaBX49F4Nt6M91lrxkhn9tEfGB/fBICW4Q==</latexit>

Ttq(�) := q(t+ �)

• Obs: But, non-local Lagrangians depends on 
<latexit sha1_base64="Ae5U4s1lXlaZS4Cy9e1vgO2BObI=">AAACC3icbVDLSgMxFM34rPU16tJNaBEqSJkpRV0W3LisYh/QGUomzbShSWZMMkIZunfjr7hxoYhbf8Cdf2OmnYW2nhA4Oedecu8JYkaVdpxva2V1bX1js7BV3N7Z3du3Dw7bKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QTjq8zvPBCpaCTu9CQmPkdDQUOKkTZS3y7dVzxFhxydnnnmwPnDo8LjSI+CIL2d9u2yU3VmgMvEzUkZ5Gj27S9vEOGEE6ExQ0r1XCfWfoqkppiRadFLFIkRHqMh6RkqECfKT2e7TOGJUQYwjKS5QsOZ+rsjRVypCQ9MZTahWvQy8T+vl+jw0k+piBNNBJ5/FCYM6ghmwcABlQRrNjEEYUnNrBCPkERYm/iKJgR3ceVl0q5V3fNq/aZebtTyOArgGJRABbjgAjTANWiCFsDgETyDV/BmPVkv1rv1MS9dsfKeI/AH1ucPvdKaNw==</latexit>

q(�), � 2 R

Ex: 

So, from now on, we will refer to a non-local Lagrangian, 
<latexit sha1_base64="sbx9tmPBGudFct+iFy3CYpi6p7g=">AAACGXicbVDLSgMxFM34rPU16tJNsAgVpMyUoi4Lblx0UaEvaEvJpGkbmkmmyR2llP6GG3/FjQtFXOrKvzF9CNp6IHA451xu7gkiwQ143pezsrq2vrGZ2Epu7+zu7bsHhxWjYk1ZmSqhdC0ghgkuWRk4CFaLNCNhIFg16F9P/Ood04YrWYJhxJoh6Ure4ZSAlVquV0gPzuEMNwaDmLRxQyjZ1bzbA6K1uv+RcSFdagGeJFtuyst4U+Bl4s9JCs1RbLkfjbaiccgkUEGMqfteBM0R0cCpYONkIzYsIrRPuqxuqSQhM83R9LIxPrVKG3eUtk8Cnqq/J0YkNGYYBjYZEuiZRW8i/ufVY+hcNUdcRjEwSWeLOrHAoPCkJtzmmlEQQ0sI1dz+FdMe0YSCLTNpS/AXT14mlWzGv8jkbnOpfHZeRwIdoxOURj66RHl0g4qojCh6QE/oBb06j86z8+a8z6IrznzmCP2B8/kNExqfDA==</latexit>

L(q, t) �! L(Ttq, t)

<latexit sha1_base64="QyHqXEMTx2x3bhOzNLUu+O80KFg="></latexit>

L(q, t) = q(t)

Z

R
d�K(t� �) q(�)

<latexit sha1_base64="UrjQVxlRHzjKDIpkl2jl5fg7vpY="></latexit>

= q(t)

Z

R
d�K(�) q(� + t)

<latexit sha1_base64="dmN6IsAglNzxhRfT31Okb9eeWZs="></latexit>

= Ttq(0)

Z

R
d�K(�)Ttq(�)

In fact, this notation is very 
useful when dealing with 
time-dependent non-local 
Lagrangians. 

[arXiv: 2105.10442]
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So, the curve                  visually is
<latexit sha1_base64="khMSRgvrO2xAHE8rIj8JCg4iM6E=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZKUVdFty4rNAbTIeSSTNtaCYzJmeEMnTtxldx40IRtz6BO9/G9LLQ6oGEj/8/h+T8QSK4Bsf5snIrq2vrG/nNwtb2zu6evX/Q0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2Mrqd++54pzWPZgHHC/IgMJA85JWCknn3cFSyE0uz2Gj3Ad13FB0Pwz2EOZz276JSdWeG/4C6giBZV79mf3X5M04hJoIJo7blOAn5GFHAq2KTQTTVLCB2RAfMMShIx7WezVSb41Ch9HMbKHAl4pv6cyEik9TgKTGdEYKiXvan4n+elEF75GZdJCkzS+UNhKjDEeJoL7nPFKIixAUIVN3/FdEgUoWDSK5gQ3OWV/0KrUnYvytXbarFWWcSRR0foBJWQiy5RDd2gOmoiih7QE3pBr9aj9Wy9We/z1py1mDlEv8r6+AbXEZpR</latexit>

([Ttq] , t)
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So, the action integral becomes
<latexit sha1_base64="gK3qXtzMJT11e85hrdaVSpsnjpo="></latexit>

SLocal :=

Z t1

t2

dt L(q, t)

<latexit sha1_base64="7IM4WWko2z4hd6ukjYWcedQbPvU=">AAACF3icbZDLSsNAFIYn9VbrrerSzWARFCQkUlQEoeDGhYuqvQhNCZPpRAcnkzhzIpSQt3Djq7hxoYhb3fk2Ti8Lrf4w8PGfc5hz/iARXIPjfFmFqemZ2bnifGlhcWl5pby61tJxqihr0ljE6iogmgkuWRM4CHaVKEaiQLB2cHsyqLfvmdI8lg3oJ6wbkWvJQ04JGMsv25f46Bh7XIKfeRGBmyDILvIcD1lFWS8Hb/dsu+HD3S7sYL9ccWxnKPwX3DFU0Fh1v/zp9WKaRkwCFUTrjusk0M2IAk4Fy0teqllC6C25Zh2DkkRMd7PhXTneMk4Ph7EyTwIeuj8nMhJp3Y8C0zlYV0/WBuZ/tU4K4WE34zJJgUk6+ihMBYYYD0LCPa4YBdE3QKjiZldMb4giFEyUJROCO3nyX2jt2e6+XT2vVmp74ziKaANtom3kogNUQ6eojpqIogf0hF7Qq/VoPVtv1vuotWCNZ9bRL1kf34p4nt4=</latexit>

S :=

Z

R
dt L(Ttq, t)

Q7: If it is unbounded, could it be infinity?

• For this reason, we introduce the 1-parameter family of finite 
action integrals

<latexit sha1_base64="hg96lWUH89vokvQB3hk1FYfaqQ4="></latexit>

S(q,R) :=

Z

|t|<R
dt L(Ttq, t)

<latexit sha1_base64="uV7/5UdVixeW9LfwQ01ID4cn7qM=">AAAB/3icbVBNS8NAFHypX7V+RQUvXhaL4KkkUtRjwYvHWmwtNKFstpt26WYTdjdCiT34V7x4UMSrf8Ob/8ZNm4O2DiwMM+/xZidIOFPacb6t0srq2vpGebOytb2zu2fvH3RUnEpC2yTmsewGWFHOBG1rpjntJpLiKOD0Phhf5/79A5WKxeJOTxLqR3goWMgI1kbq20deGEvMOWp5THgR1qMgyFrTvl11as4MaJm4BalCgWbf/vIGMUkjKjThWKme6yTaz7DUjHA6rXipogkmYzykPUMFjqjys1n+KTo1ygCZIOYJjWbq740MR0pNosBM5gnVopeL/3m9VIdXfsZEkmoqyPxQmHKkY5SXgQZMUqL5xBBMJDNZERlhiYk2lVVMCe7il5dJ57zmXtTqt/Vqo1HUUYZjOIEzcOESGnADTWgDgUd4hld4s56sF+vd+piPlqxi5xD+wPr8AQ66liM=</latexit>

8R 2 R
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• So, as long as the limit exists, the equations of motion are

• The variational principle reads

of compact (finite and bounded) support.
<latexit sha1_base64="sb0HKQ8G/Z4IZa3pexRfc2rF/fo=">AAACAHicbVDJSgNBEO1xjXEb9eDBS2MQIkiYCUE9Brx4jGAWyAyhpqeTNOlZ7K4RQsjFX/HiQRGvfoY3/8bOctDEBwWP96qoqhekUmh0nG9rZXVtfWMzt5Xf3tnd27cPDhs6yRTjdZbIRLUC0FyKmNdRoOStVHGIAsmbweBm4jcfudIiie9xmHI/gl4suoIBGqljH3vdRIGU3oUXcolAH4oeQnbesQtOyZmCLhN3TgpkjlrH/vLChGURj5FJ0LrtOin6I1AomOTjvJdpngIbQI+3DY0h4tofTR8Y0zOjhNRcYipGOlV/T4wg0noYBaYzAuzrRW8i/ue1M+xe+yMRpxnymM0WdTNJMaGTNGgoFGcoh4YAU8LcSlkfFDA0meVNCO7iy8ukUS65l6XKXaVQLc/jyJETckqKxCVXpEpuSY3UCSNj8kxeyZv1ZL1Y79bHrHXFms8ckT+wPn8A0QyV3A==</latexit>

8 �q(⌧)

Just to remember: 

We have all the ingredients :) 

<latexit sha1_base64="cBrVVXArY46foZDJHOpc1DrelLw="></latexit>

lim
|R|!0

�S(q,R) =

Z

R
d⌧

"
lim

R!1

Z

|t|<R
dt

�L(Ttq, t)

�q(⌧)

#
�q(⌧) = 0

<latexit sha1_base64="pEUSEhVFlx0tG0WYwjIDZrFZ3cU=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEICEnYlqAiC4MWDhwiJCWRD6J2dNUNmH870CmHJv3jxV7x4UIIXD/6Lk4egxoKBoqqani4vkUKjbX9Yc/MLi0vLK6u5tfWNza389s6tjlPFeJ3FMlZNDzSXIuJ1FCh5M1EcQk/yhte7HPmNB660iKMa9hPeDuEuEoFggEbq5M9cacI+FO8P8dBFSEtn526ggGWuzyUCvS7WOmjM0uBbuS+Oc4NOvmCX7THoLHGmpECmqHbyQ9ePWRryCJkErVuOnWA7A4WCST7IuanmCbAe3PGWoRGEXLez8Y0DemAUnwaxMi9COlZ/TmQQat0PPZMMAbv6rzcS//NaKQan7UxESYo8YpNFQSopxnRUGPWF4gxl3xBgSpi/UtYF0xCaWnOmBOfvybPk9qjsHJcrN5XCRWVaxwrZI/ukSBxyQi7IFamSOmHkkTyTV/JmPVkv1tB6n0TnrOnMLvkF6/MLcg6jgw==</latexit>

�(q, t, ⌧) :=
�L(Ttq, t)

�q(⌧)

<latexit sha1_base64="Rzkf4azBVScCFSaAl9F429fyTjI="></latexit>

 (q, ⌧) :=

Z

R
dt�(q, t, ⌧)

<latexit sha1_base64="ppTUAjvqNq5amGFZFbpc97R5SJ8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQQUoixcdCKLhxWcE+oIllMp20QyeTODNRSuh/uHGhiFv/xZ1/47TNQlsPXDiccy/33uPHnClt299Wbml5ZXUtv17Y2Nza3inu7jVVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Q+vJ37rkUrFInGnRzH1QtwXLGAEayPdu7Fi5YcTV+Pk+MruFkt2xZ4CLRInIyXIUO8Wv9xeRJKQCk04Vqrj2LH2Uiw1I5yOC26iaIzJEPdpx1CBQ6q8dHr1GB0ZpYeCSJoSGk3V3xMpDpUahb7pDLEeqHlvIv7ndRIdXHgpE3GiqSCzRUHCkY7QJALUY5ISzUeGYCKZuRWRAZaYaBNUwYTgzL+8SJqnFeesUr2tlmqXWRx5OIBDKIMD51CDG6hDAwhIeIZXeLOerBfr3fqYteasbGYf/sD6/AFCZpGv</latexit>

 (q, ⌧) = 0
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Q8: What condition does the non-local total derivative need to satisfy to remain the EOMs unchanged?

• Before starting, we need to clarify the following statement: 
If it is a Noether symmetry, then

• Let us search a sufficient condition on                    
<latexit sha1_base64="Qfph0Q2X3PfYcf8a3/Cc0R8IrNI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgNQT0GvHiMkBcmS5idTJIhs7PrTK8QQv7CiwdFvPo33vwbJ8keNLGgoajqprsriKUw6Lrfztr6xubWdmYnu7u3f3CYOzpumCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGtzO/+cS1EZGq4TjmfkgHSvQFo2ilhyYp1Lr4eIkX3VzeLbpzkFXipSQPKard3FenF7Ek5AqZpMa0PTdGf0I1Cib5NNtJDI8pG9EBb1uqaMiNP5lfPCXnVumRfqRtKSRz9ffEhIbGjMPAdoYUh2bZm4n/ee0E+zf+RKg4Qa7YYlE/kQQjMnuf9ITmDOXYEsq0sLcSNqSaMrQhZW0I3vLLq6RRKnpXxfJ9OV8ppXFk4BTOoAAeXEMF7qAKdWCg4Ble4c0xzovz7nwsWtecdOYE/sD5/AEUBo/X</latexit>

W (Ttq, t)

• The family action integrals are

<latexit sha1_base64="n8DoBADjdjwd8YarpjRxyZWNk7g=">AAACHHicbZDJSgNBEIZ74hbjFvXopTEIESTMaHA5CAEvHjxEyAaZEHp6epImPYvdNUIY5kG8+CpePCjixYPg29hZDjHxh4aPv6roqt+JBFdgmj9GZml5ZXUtu57b2Nza3snv7jVUGEvK6jQUoWw5RDHBA1YHDoK1IsmI7wjWdAY3o3rzkUnFw6AGw4h1fNILuMcpAW1182e2ywQQfIevse1JQhPbJ9CXfuKm6QxD2izWuoAfTuC4my+YJXMsvAjWFApoqmo3/2W7IY19FgAVRKm2ZUbQSYgETgVLc3asWETogPRYW2NAfKY6yfi4FB9px8VeKPULAI/d2YmE+EoNfUd3jrZV87WR+V+tHYN32Ul4EMXAAjr5yIsFhhCPksIul4yCGGogVHK9K6Z9oiMCnWdOh2DNn7wIjdOSdV4q35cLlatpHFl0gA5REVnoAlXQLaqiOqLoCb2gN/RuPBuvxofxOWnNGNOZffRHxvcv2c2h1g==</latexit>

�L =
d

dt
W (Ttq, t)

<latexit sha1_base64="ddamfU9fF4STG2szYv0/ocmZRCY=">AAACFHicbVC7SgNBFJ31GeNr1dJmMAgRQ9iVoBYKgo2FhY+8IBuW2ckkGZydXWfuCmGTj7DxV2wsFLG1sPNvnMQUGj1w4XDOvdx7TxALrsFxPq2p6ZnZufnMQnZxaXll1V5br+ooUZRVaCQiVQ+IZoJLVgEOgtVjxUgYCFYLbk6Hfu2OKc0jWYZezJoh6Uje5pSAkXx79zp/W7jawcfY4xL8tA/9o6uBFxLoqjBtDcArnOfLPtwWYMe3c07RGQH/Je6Y5NAYF7794bUimoRMAhVE64brxNBMiQJOBRtkvUSzmNAb0mENQyUJmW6mo6cGeNsoLdyOlCkJeKT+nEhJqHUvDEzn8Fo96Q3F/7xGAu3DZsplnACT9HtROxEYIjxMCLe4YhREzxBCFTe3YtolilAwOWZNCO7ky39Jda/o7hdLl6XcSWkcRwZtoi2URy46QCfoDF2gCqLoHj2iZ/RiPVhP1qv19t06ZY1nNtAvWO9f1rOdbg==</latexit>

S(q,R) =

Z

|t|<R
dt L(Ttq, t)

<latexit sha1_base64="9C2othT4mGXNjrLKpNM4tK4Q7yA=">AAACKHicbZDLSsNAFIYnXmu9RV26CRZBQUoiRV0oFty4rNIbNCVMppN2cDKJMydCiXkcN76KGxFFuvVJnF7Aav1h4OM/5zDn/H7MmQLbHhhz8wuLS8u5lfzq2vrGprm1XVdRIgmtkYhHsuljRTkTtAYMOG3GkuLQ57Th310N640HKhWLRBX6MW2HuCtYwAgGbXnm5YXLBHjpIzye32ZuiKEnw7STgRtITNIfI5tiyBoHVQ/uj+DQMwt20R7JmgVnAgU0UcUz39xORJKQCiAcK9Vy7BjaKZbACKdZ3k0UjTG5w13a0ihwSFU7HR2aWfva6VhBJPUTYI3c6YkUh0r1Q193DpdVf2tD879aK4HgrJ0yESdABRl/FCTcgsgapmZ1mKQEeF8DJpLpXS3Swzoh0NnmdQjO35NnoX5cdE6KpZtSoVyaxJFDu2gPHSAHnaIyukYVVEMEPaEX9I4+jGfj1fg0BuPWOWMys4N+yfj6BrbAqMQ=</latexit>

=

Z

|t|<R
dt

d

dt
W (Ttq, t)

<latexit sha1_base64="jCZdBXHg0TFR4wG7RMRIZPyg8ks="></latexit>

S(q,R) =

Z

|t|<R
dt L(Ttq, t) =

Z

|t|<R
dt

@

@t
W (Ttq, t)

= W (TRq,R)�W (T�Rq,�R)
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• The variational principle yields the following equations

• So, a sufficient condition is:

• Therefore, if it is a Noether symmetry:  

but with                satisfying this condition.<latexit sha1_base64="fWDwjxaG2rIxfgqSMnqKtY/M16Q=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgNQT0GvHiMkBcmS5idTJIhs7PrTK8QQv7CiwdFvPo33vwbJ8keNLGgoajqprsriKUw6Lrfztr6xubWdmYnu7u3f3CYOzpumCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGtzO/+cS1EZGq4TjmfkgHSvQFo2ilh2ah1kXyeIkX3VzeLbpzkFXipSQPKard3FenF7Ek5AqZpMa0PTdGf0I1Cib5NNtJDI8pG9EBb1uqaMiNP5lfPCXnVumRfqRtKSRz9ffEhIbGjMPAdoYUh2bZm4n/ee0E+zf+RKg4Qa7YYlE/kQQjMnuf9ITmDOXYEsq0sLcSNqSaMrQhZW0I3vLLq6RRKnpXxfJ9OV8ppXFk4BTOoAAeXEMF7qAKdWCg4Ble4c0xzovz7nwsWtecdOYE/sD5/AEU1Y/X</latexit>

W (Ttq, t)

<latexit sha1_base64="bzwDRUURAOJQsy+LOorU2jFz4zs="></latexit>

 (q,R) = lim
R!1

�S(q,R)

�q(⌧)

<latexit sha1_base64="tQdO6nVMazNFOQJ9uOgOy4JzKi4="></latexit>

= lim
R!1

⇢
�W (TRq,R)

�q(⌧)
� �W (T�Rq,�R)

�q(⌧)

�

<latexit sha1_base64="isX273K/YLAqQjpxOF4+7LPwIBE=">AAACHHicbZC7SgNBFIZnvcZ4W7W0GQxCBAm7GtRGCNhYWETIDbIhzM7OJkNmL86cFcKyD2Ljq9hYKGJjIfg2Ti5FTPxh4OM/5zDn/G4suALL+jGWlldW19ZzG/nNre2dXXNvv6GiRFJWp5GIZMsligkesjpwEKwVS0YCV7CmO7gZ1ZuPTCoehTUYxqwTkF7IfU4JaKtrnjseE0DwHb7Gji8JTZ2AQF8GqZdlMwxZs1jrAn44hZOuWbBK1lh4EewpFNBU1a755XgRTQIWAhVEqbZtxdBJiQROBcvyTqJYTOiA9FhbY0gCpjrp+LgMH2vHw34k9QsBj93ZiZQESg0DV3eOtlXztZH5X62dgH/VSXkYJ8BCOvnITwSGCI+Swh6XjIIYaiBUcr0rpn2iIwKdZ16HYM+fvAiNs5J9USrflwuV8jSOHDpER6iIbHSJKugWVVEdUfSEXtAbejeejVfjw/ictC4Z05kD9EfG9y/YTKHR</latexit>

�L =
d

dt
W (Ttq, t)

<latexit sha1_base64="Lv4UBxSpCc4kl6GZvb6NsfCSquw="></latexit>

lim
|R|!1

�W (TRq,R)

�q(⌧)
⌘ 0
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 Noether’s Theorem for non-local Lagrangians

• Consider that the family action integrals are invariant under 
some infinitesimal transformation:

So,

<latexit sha1_base64="CtBCFHfLNUIDqfJsLvIun7W771E="></latexit>

=

Z

|t|<R
dt

⇢
L0(Ttq

0, t)� L(Ttq, t) +
d

dt
[L(Ttq, t)�t]

�

<latexit sha1_base64="KZeOMQw1SRYvgIIzyC+aQkTmvEM="></latexit>

0 =

Z

|t0|<R
dt L(Ttq

0, t)�
Z

|t|<R
dt L(Ttq, t)

<latexit sha1_base64="wQwAXPaTqWlcxa2ynmuqglST+fE="></latexit>Z

|t0|<R
dt L(Ttq

0, t) =

Z

|t|<R
dt L(Ttq, t)

Following the same 
steps as in local 
case… 
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Considering that the transformation is a Noether symmetry 

where                 leaves invariant the EOMs, we find<latexit sha1_base64="fWDwjxaG2rIxfgqSMnqKtY/M16Q=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgNQT0GvHiMkBcmS5idTJIhs7PrTK8QQv7CiwdFvPo33vwbJ8keNLGgoajqprsriKUw6Lrfztr6xubWdmYnu7u3f3CYOzpumCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGtzO/+cS1EZGq4TjmfkgHSvQFo2ilh2ah1kXyeIkX3VzeLbpzkFXipSQPKard3FenF7Ek5AqZpMa0PTdGf0I1Cib5NNtJDI8pG9EBb1uqaMiNP5lfPCXnVumRfqRtKSRz9ffEhIbGjMPAdoYUh2bZm4n/ee0E+zf+RKg4Qa7YYlE/kQQjMnuf9ITmDOXYEsq0sLcSNqSaMrQhZW0I3vLLq6RRKnpXxfJ9OV8ppXFk4BTOoAAeXEMF7qAKdWCg4Ble4c0xzovz7nwsWtecdOYE/sD5/AEU1Y/X</latexit>

W (Ttq, t)

Therefore,

<latexit sha1_base64="Q91DZUvHOAa+Je1JEvaqc7fAqMk="></latexit>

L(Ttq
0, t) = L(Ttq + Tt�q, t) = L(Ttq, t) +

Z

R
d�

�L(Ttq, t)

�q(�)
�q(�)

= L(Ttq, t) +

Z

R
d��(q, t,�) �q(�)

<latexit sha1_base64="9gXwmwWndC3FYIsU3vXu/vyLQZo="></latexit>

W (Ttq
0, t) = W (Ttq + Tt�q, t) = W (Ttq, t) +

Z

R
d�

�W (Ttq, t)

�q(�)
�q(�)

= W (Ttq, t)

<latexit sha1_base64="lU9tJbJo+NXQ2JGodf8ghpI5Wyk="></latexit>

L0(Ttq
0, t) = L(Ttq

0, t) +
d

dt
W (Ttq

0, t)

<latexit sha1_base64="Q91DZUvHOAa+Je1JEvaqc7fAqMk="></latexit>

L(Ttq
0, t) = L(Ttq + Tt�q, t) = L(Ttq, t) +

Z

R
d�

�L(Ttq, t)

�q(�)
�q(�)

= L(Ttq, t) +

Z

R
d��(q, t,�) �q(�)

<latexit sha1_base64="Q91DZUvHOAa+Je1JEvaqc7fAqMk="></latexit>

L(Ttq
0, t) = L(Ttq + Tt�q, t) = L(Ttq, t) +

Z

R
d�

�L(Ttq, t)

�q(�)
�q(�)

= L(Ttq, t) +

Z

R
d��(q, t,�) �q(�)

<latexit sha1_base64="9gXwmwWndC3FYIsU3vXu/vyLQZo=">AAACl3icbVFda9swFJXdfXTZR7NuL2Mvl4WVlIZgl7KNwWihY/SxHU1TiDIjy3IqKtmOdD0Ixn9pP6Zv+zeTE2/r0l0QOpxzr67uuXGhpMUg+On5G/fuP3i4+ajz+MnTZ1vd59sXNi8NFyOeq9xcxswKJTMxQolKXBZGMB0rMY6vjxt9/F0YK/PsHBeFmGo2y2QqOUNHRd0f4/55hDD/RgsjtRjgLux8gpaEPWhumgiFDOYDcO ofsUndAyozjCqqGV7FcfW1rmGJja6Smlo50wxoahiv2kf+Fte/qXl/lbhb08E6RWln53bHqNsLhsEy4C4IW9AjbZxG3Rua5LzUIkOumLWTMChwWjGDkitRd2hpRcH4NZuJiYMZ08JOq6WvNbx1TAJpbtzJEJbs7YqKaWsXOnaZzdB2XWvI/2mTEtMP00pmRYki46tGaakAc2iWBIk0gqNaOMC4ke6vwK+YsxHdKjvOhHB95LvgYn8YvhsenB30jvZbOzbJa/KG9ElI3pMjckJOyYhw76X30Tv2Pvuv/EP/i3+ySvW9tuYF+Sf8s1/BnMRJ</latexit>

W (Ttq
0, t) = W (Ttq + Tt�q, t) = W (Ttq, t) +

Z

R
d�

�W (Ttq, t)

�q(�)
�q(�)

= W (Ttq, t)

<latexit sha1_base64="9gXwmwWndC3FYIsU3vXu/vyLQZo="></latexit>

W (Ttq
0, t) = W (Ttq + Tt�q, t) = W (Ttq, t) +

Z

R
d�

�W (Ttq, t)

�q(�)
�q(�)

= W (Ttq, t)

<latexit sha1_base64="6vI0xP291bdy+SDLTl8huH5fFQA="></latexit>

L0(Ttq
0, t) = L(Ttq, t) +

d

dt
W (Ttq, t) +

Z

R
d��(q, t,�) �q(�)
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This fact gives us

Crucial point! How do you get the boundary terms and EOMs? 

Let us add and subtract 
<latexit sha1_base64="64bu8o6Bo0SO4bUPer/1ctaqN10="></latexit>Z

R
d!" (q,! , t) #q(t) , then we have 

Recall: 
<latexit sha1_base64="KtMdzG0vOq1Jml7TWu6EANcTgEs="></latexit>

! (q," ) = 0 , with ! (q," ) :=
!

R
dt #(q, t, " ) and #(q, t, " ) :=

$L(Tt q, t)
$q(" )

<latexit sha1_base64="wkSapjeGlGOw9ZETnCAomchtbig="></latexit>!

| t |<R
dt

"
d
dt

[L (Tt q, t)! t + W (Tt q, t)] +
!

R
d"# (q, t, " ) ! q(" )

#

Is there a way to link them?

<latexit sha1_base64="pzbsQQ9UgF1ZlCMg00nr/XAVq9s="></latexit>

=

Z t2

t1

dt

⇢
�L+

@L

@q
�q +

@L

�q̇
�q̇ +

d

dt
[L(q, q̇, t)�t]

�

Local case…

<latexit sha1_base64="XXlZaWLQoEa1h2pUk0o85j28/7Q="></latexit>!

| t |<R
dt

"
! (q, t)"q(t) +

d
dt

[L (Tt q, t)" t + W (Tt q, t)]

+
!

R
d# [$(q, t, #) "q(#) ! $(q,#, t) "q(t)]

#
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After suitable changes

Now, using this identity

<latexit sha1_base64="itTfGWSOeb8ki3K1bHZVsvpar/U="></latexit>!

R
d! [" (q, t, t + ! ) #q(t + ! ) ! " (q, t ! ! , t)#q(t)]

<latexit sha1_base64="/7xO7XTMoGiy1vTHvQ29FRufnEo=">AAACLXicbVBbSwJBGJ21m9ltq8dehiRQUtkNqR6FeujRIC/giszOjjo4e3Hm20jEP9RLfyWCHozotb/ReIFMOzBwOOd8fPMdNxJcgWWNjcTa+sbmVnI7tbO7t39gHh5VVRhLyio0FKGsu0QxwQNWAQ6C1SPJiO8KVnN7NxO/9sik4mHwAIOINX3SCXibUwJaapm3jtBhj2T6OcjBufPEs07O8ZgAgvuZmYDzeCGV11IOsr+ZLG6ZaatgTYFXiT0naTRHuWW+OV5IY58FQAVRqmFbETSHRAKngo1STqxYRGiPdFhD04D4TDWH02tH+EwrHm6HUr8A8FRdnBgSX6mB7+qkT6Crlr2J+J/XiKF93RzyIIqBBXS2qB0LDCGeVIc9LhkFMdCEUMn1XzHtEkko6IJTugR7+eRVUr0o2JeF4n0xXSrO60iiE3SKMshGV6iE7lAZVRBFz+gVjdGH8WK8G5/G1yyaMOYzx+gPjO8fI6qlkw==</latexit>

! (q, t, t + " ) #q(t + " ) ! ! (q, t ! " , t)#q(t)
<latexit sha1_base64="gAwShVzlmSVCBlC1kTx9+jMCLgo="></latexit>

=
! 1

0
d!

d
d!

[" (q, t + ( ! ! 1)#, t + !# ) $q(t + !# )]

<latexit sha1_base64="5u0sIzW7udXGR5NCee2ugebDJlQ="></latexit>

= !
d
dt

! 1

0
d" [#(q, t + ( " ! 1)! , t + "! ) $q(t + "! )]

All together,
<latexit sha1_base64="iYQ3xt6/9T2O0PtKbfsp8OhheN8="></latexit>!

| t |<R
dt

"
! (q, t) "q(t) +

d
dt

[L (Tt q, t)" t + ! (q, t)]
#
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where

with

Using the analogy with the local case, this will be the Lagendre transformation for NLL!

<latexit sha1_base64="RNFnUifxAVKZJXciaCmoemA8dHk="></latexit>

! (q, t) :=
!

R
d! !

! 1

0
d" # (q, t + ( " ! 1)! , t + "! ) $q(t + "! )

<latexit sha1_base64="i5wwcN58Ym9wjNg8S0T6HooK1I8="></latexit>

=
!

R
d! " q(! ) P(q, t, ! )

(After a bit of algebra…)

<latexit sha1_base64="HRVgahqHMbkWpJV6Gucwth6EkZU="></latexit>

P (q, t, ! ) :=
!

R
d" [#(t ! " ) ! #(t ! ! )] $(q," , ! )

From this definition, we can develop the Hamiltonian formalism for non-local theories.

[arXiv: 2105.10442 // 2203.02206]

.


.


.
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Because it is true       ,

• we obtain the Noether identity:

• and the Noether current:

We have just extended Noether’s theorem for non-local 
Lagrangians! We have arrived at our destination :)

<latexit sha1_base64="HBPFbfqvT4eCXNBpPxlpaU2VdUw=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FLx6r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HNzO//cS04bF6sJOEBZIMFY84JdZJj70o1kQIfN8vV7yqNwdeJX5OKpCj0S9/9QYxTSVTlgpiTNf3EhtkRFtOBZuWeqlhCaFjMmRdRxWRzATZ/OApPnPKALvdrpTFc/X3REakMRMZuk5J7MgsezPxP6+b2ug6yLhKUssUXSyKUoFtjGff4wHXjFoxcYRQzd2tmI6IJtS6jEouBH/55VXSuqj6l9XaXa1Sr+VxFOEETuEcfLiCOtxCA5pAQcIzvMIb0ugFvaOPRWsB5TPH8Afo8wdnOZAd</latexit>

! R

<latexit sha1_base64="Mu+wi63G3A59/1qCgyexuFh2nuc="></latexit>

! (q, t) "q(t) +
d
dt

J (q, t) ! 0

<latexit sha1_base64="2Pz++9Ew4LDOCmZqEi4sYNjH5o8=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BRKkqZkaIiKAU3Ii4q9AbtMGTStA3NXEzOCGXoG7jxVdy4UMStW3e+jelloa0HAh//fw4n5/ciwRVY1reRmptfWFxKL2dWVtfWN8zNraoKY0lZhYYilHWPKCZ4wCrAQbB6JBnxPcFqXu9q6NcemFQ8DMrQj5jjk07A25wS0JJr7t/k7o/g4PwC3+bKLgwZN1tMAMGAD3GzxEe+a2atvDUqPAv2BLJoUiXX/Gq2Qhr7LAAqiFIN24rASYgETgUbZJqxYhGhPdJhDY0B8ZlyktE9A7ynlRZuh1K/APBI/T2REF+pvu/pTp9AV017Q/E/rxFD+8xJeBDFwAI6XtSOBYYQD8PBLS4ZBdHXQKjk+q+YdokkFHSEGR2CPX3yLFSP8/ZJvnBXyBYvJ3Gk0Q7aRTlko1NURNeohCqIokf0jF7Rm/FkvBjvxse4NWVMZrbRnzI+fwCckZlA</latexit>

J (q, t) := L(Tt q, t)! t + ! (q, t)
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We have seen that:

• We developed a new formalism to deal 
with non-local Lagrangians.

• We extended Noether’s theorem for non-
local Lagrangians
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Observations:
• All of the above can be extended to classical 

field theory and for non-local Lagrangians that 
depend explicitly on the coordinate.  

• Some applications:

• Non-local electrodynamics - Dispersive 

Media.

• Non-local harmonic oscillator.

• p-adic strings.

• Non-commutative theories (work in 

progress).

• Non-local gravity (work in progress).



Thank you! 

Any question?


