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Definitions

Noether’s theorem

* Non-local Lagrangian (NLL) formalism
« Total derivative // Non-local kinematics

Noether’s Theorem for NLL
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Def: A local Lagrangian is a functional such that

L(Q? q.7"'7q(n)7t) -

P

Ex: L(d,1) = 5d(t)

Def: A non-local Lagrangian is a functional

L(lg],t) — | R

ql,t
1

R

Not to be confused with
quantum entanglement.
It is another type of
non-locality!

where [g] means functional dependence on the whole g(o).

Ex: L(g,t) = g()(K * )(t) = q(¢) /

R

do K(t — o) q(o)
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As far as this talk is concerned, we will distinguish
nonlocal Lagrangians from infinite-order ones.

Namely,

« Def: An infinite-order Lagrangian is a functional

L {q(k)}keN’t — | R
( f T) ~

Ex: L(g,...,q™,...t) =q(t) ) ¢™ ()

n=0

In what follows, we will focus only on the nonlocal Lagrangians.
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« Def: Noether’s Theorem - For every symmetry,
there exists a conserved quantity.

e Let’s look inside the proof: Q4: Could it be applied to NLL?

We take

t

a tC
6S = dt’L’(q’,q’,t’)—/ dt L(q, ¢,t)

ty ta

ta te
=/ dtL’(Q’,d’,t)—/ dt L(q,q,t)

ty td
Now, we consider an infinitesimal transformation:
t. = t, + o0ty tg =ty + oty

and, moreover, to make the notation more familiar:
ta .= tQ tb = tl
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Therefore, .
to to—+0to L(q(ti),q(ti), ;)
— / dtL’(qlaq/7t> _/ dtL(Q7Q7t) L~ /’“5 RN
t1 t1+90t1 ] N .
/ -
to Do
— / dt [L/(qlv qlv t) - L(Qa q, t)] 0t;
t1

+L(q(t2),q4(t2),t2) 6ta — L(q(t1),q(t1),t1) 0t1

:/tth{[L’(q’,q’,t)—L(q,q,t)]+%[L(q,d,t) 575]}

Now, consider L'(¢’,¢',t) = L(¢',d’,t) + 6L | and ¢'(t) = q(t) + dq(t)

. S , SL(q,q,t SL(q,q.t) .
L(Q’,q’,t):L(q+5q7q+5q,t)7L(q,q,t)+ %qq )5q+ (gqq )5q

Taylor approximation! Second order terms are neglected.
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t
2 oL oL \ d , L~ q(t)(G = q)(t)
B /t‘l af {5L ” a—qaq —|— E [L(C], 4 t)ét]} %5: Intnon—local tilei)lries,
it’s not necessary to have

derivatives, so how do you

Integrating by parts . get the boundary terms?

t2 OL d OL d . oL
_/t1 dt{5L+ lﬁq iy 5(2] 5q+& [L(q,q,t)5t+8—q5q]}

—/t2dt 0L +(q,t)0 +g L( 't)5t+a—L5
T " q, q dt q,dq, aq q

Q6: In non-local
d theories, are the EOMs

In fact, if it is a Noether symmetry 0L = — W (q,t) | stilidentities?
(EOMs are identities) dt

_ /: dt {w(q,t)&z + % [L(q,q,t)5t +Wia.4,1) q] }

(The Legendre transformation) <= P
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As it has to be valid VI = [t1, t2]

(It’s conserved on shell)

: . d . d
Noether’s identity: ¥(q,t)0q + = J(¢,¢,t) =0 —> —J(q,4:1) =0

Noether’s current: J(q,q¢,t) := L(q,q,t)ot + W(q, ¢,t) + pdq(t)

But, (Q5) how do we get the boundary terms for a non-local Lagrangian?

L(a,t) = a(t) (K * g)(t) = q(t) / do K(t — o) qlo)

(Of course, we can always rewrite the
convolution as a formal Taylor series)

We need a new formalism to do it, and we call it non-local kinematic.
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* Obs-Q6: It is well known that if the Lagrangian is total
derivative, the EOMs are identities.

e But, it is true for non-local ones?

« Let’s see it with an example. Consider:

L(d,1) = 5d(1)?

To find the total derivative, we need to solve the following equation:

SW(0,1) = L(3, 1)

Indeed, a particular solution is:

Wi(g,t) = / dt'L(¢,t")

to
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Note that:  W([q],t) = % / dt' 6(t — ') 0(t' — to) ¢(t')*

_ [6 * (9 to q2) t) (which is clearly non-local!)

So, the action is
S(la)) = 5 {[0% ()] (12) — [0 % (01, d)] (1)}

By varying the action, we arrive at

5sad>=—1[2dfq@vaaﬂ>vo

(it’s not an identity!)

A non-local total derivative changes the EOMs ! 10
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« Def: We define the time evolution operator 7 as

T;q(0) := q(t)

«  Obs: But, non-local Lagrangians depends on ¢(c), o € R

Ex: L(g,t) = q(t) /

R
In fact, this notation is very

= T;q(0) / do IC(J
R
useful when dealing with

So, from now on, we will refer to a non-local Lag| time-dependent non-local

Lagrangians.

More consistent...

L( [q], t) > L( [Tt q]7 t) [arXiv: 2105.10442]
L(th, t) 11
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Local case: x

So, the curve ([7iq|,t) visually is
Time q(0)e T:q(0)

12
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. . t1
So, the action integral becomes Sy / dt L(g, )
to

S = dt L(th,t)
B

Q7: If it is unbounded, could it be infinity?

Ema
......
.
.
.
23
3

.
.
**

.
.
.
.

‘e
‘e
.
.
.
.
«
.
)
LT .
.........
----------
------------

where t € [t1,t2] but, in non-local theories ¢(0), 0 € R

13



NL Lagran gian fO rm alism Van Swinderen Institute, University of Groningen

 For this reason, we introduce the 1-parameter family of finite
action integrals

S(q.R) = / At L(T,q.t)  VRER
< |

14
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 The variational principle reads

lim 0S(q, R :/dT lim / dt: | dq(T) =0
|R|—0 (9, ) R R—oo Jiycp i 0q(T) a(7)

- - = =—_ - - = Is this
o o requirement too
Vdq(7) of compact (finite and boynded) support. | gienen e
term in the
Hilbert Einstein
Lagrangian.

Vr e R

;Cauchy’s problem!

« So, as long as the lithit exists, the equations of motion are
- 3
>

Mg, t, 1) = 5L5(;Z;tf)’ 2 Y(q,T) = /Rdt)\(q,tﬂ') w(Q, 7v_) — 0

We have all the ingredients :) 15
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« Before starting, we need to clarify the following statement:
If it is a Noether symmetry, then

d
oL = —W(Tiq,t

QQ8: What condition does the non-local total derivative need to satisfy to remain the EOMs unchanged?

e Let us search a sufficient condition on W (13q,t)

« The family action integrals are

d

S(q, R) = / dt L(Tyq,t) — / at LW (Tyg,t)
It|<R lt|<R dt

— W(TRQ, R) — W(T—RQ7 _R)
16
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 The variational principle yields the following equations

. 05(¢, R)
R)=1
w(% ) R1—r>noo 5q(7’)
: oW (Trq, R) OW(T_rq, —R)
= lim —
R—00 dq(T) oq(T)
° SO, a Sufficient Condition isz Obviously, they can cancel each other!

|Rlllpn q(™) !

e d
» Therefore, if it is a Noether symmetry: 6L = EW(th, t)

but with W (Tq,t) satistying this condition.

0

17
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Noether’s Theorem for non-local Lagrangians

 Consider that the family action integrals are invariant under
some infinitesimal transformation:

dtL (Tiq,t) = dtL (T:q,t)
|t'|<R |tI<R
So,
O — dt L (Tt q! y t) l dt L (T'[ q, t) Following the same
|t'|<R |t|<R steps as in local

case...

dt L'(Tiq,t)! L(Tq,t)+ E[L(th,t)!t]
|t|<R dt

18
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Considering that the transformation is a Noether symmetry

L'(Ted ) = L(Ted ) + S (Ted,t)

dt
where W (Tiq,t) leaves invariant the EOMs, we find
LT = L(Tig.p+ a2y qon)
R La(")
= L(Teq,t) + Rd"#(q,t,")!CI(")
W(Td, 0= W(Tig,n+  d Dy gy

R q(")
=W (Tt q’ t)
Therefore,

(T ) = L0+ gW(Tan+ " (@,t1)da()
19
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This fact gives us / dt {5L g0t 50 g [L@’q"t)(”]} Local case...
] .
dt —[L(th,t)|t+ W(thlt)]+ d"#(qitln)!q(")

|t|<R d R

Crucial point! How do you get the boundary terms and EOMs?

ERecalli '(q,")=0, with !(q,")::' dt#(q,t,") and #(q,t,"):= $L$S(t,9)’t)
H R

Let us add and subtract- di" (g,!,t) #o(t) , then we have

R

dt (@Y a0+ o [T, H"t+ W(Tiq, 0]

| +H
. T

+ Rd#[$(q,t,#) "q(#) ! $(a,# 1) "q(t)]

[t|<R

Is there a way to link them? ) O
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After suitable changes
dU [ (.t t+ D#igt+ 1)1 "(q,t! 1, )#g(t)]
. R

Now, using this identity
L (g,t,t+ ")#At+")! I (qg,t! ", t)#(t)

1

= d! dil[" (g,t+ (! ! D#t+ 1#)Sg(t + 1#)]
0 !

1

09 Tt (T 1)t ) Sq(t + )]
at
All together,
dt (@9 o)+ o [L(Ta,0"t+ ! (g, 0]
|t|<R

21
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where
; 1
(g, )= dll d#(tH (" D)+ ") Sglt+ )
R 0
: (After a bit of algebra...)
= A" q()P(a.t)
R
with
P(q,t,!):=- d'[#(t! ")! #t! D]$(q,",!
R

Using the analogy with the local case, this will be the Lagendre transformation for NLL!

From this definition, we can develop the Hamiltonian formalism for non-local theories.

[arXiv: 2105.10442 // 2203.02206]

22
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Because it is true ! R,

« we obtain the Noether identity:

(@ A+ 3@yt o0

o and the Noether current:

J(q,t) .= L(Tiq,)!It+ ! (q,t)

We have just extended Noether’s theorem for non-local
Lagrangians! We have arrived at our destination :)

23
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We have seen that:

« We developed a new formalism to deal
with non-local Lagrangians.

e We extended Noether’s theorem for non-
local Lagrangians

24
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Observations:

o All of the above can be extended to classical
field theory and for non-local Lagrangians that
depend explicitly on the coordinate.

« Some applications:

« Non-local electrodynamics - Dispersive
Media.

» Non-local harmonic oscillator.

« p-adic strings.

« Non-commutative theories (work in
progress).

« Non-local gravity (work in progress).

25
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Observations:

e Noether's theorem for Lagrangians of order N
and then tends to infinity. [arXiv: 0207107 - 2203.04942]

T H

@ : arXiv: 2002.12725(v1)

T
Z LNL : Z 72“ 26




Thank you!

Any question?



