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Ph.D. thesis defence: Nonlocal Lagrangian formalism
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Motivation Ph.D. thesis defence: Nonlocal Lagrangian formalism

• Consider the following Lagrangian:
<latexit sha1_base64="5DYltiNT/PEWpPa7i9OnE0rmbtM=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkIGFXfDVC0EILiwjmAdklzE5mkyGzj8zcFcKSb7DxV2wsFLG1svNvnCRbaOKBC4dz7uXee9xIcAWm+W1kFhaXlleyq7m19Y3Nrfz2Tl2FsaSsRkMRyqZLFBM8YDXgIFgzkoz4rmANt3819hsPTCoeBvcwjJjjk27APU4JaKmdL90WWwPnEEoXeFCEki2YB8VrmyjAA1vybg9K7UQbI9zOF8yyOQGeJ1ZKCihFtZ3/sjshjX0WABVEqZZlRuAkRAKngo1ydqxYRGifdFlL04D4TDnJ5KURPtBKB3uh1BUAnqi/JxLiKzX0Xd3pE+ipWW8s/ue1YvDOnYQHUQwsoNNFXiwwhHicD+5wySiIoSaESq5vxbRHJKGgU8zpEKzZl+dJ/ahsnZZP7o4Llcs0jizaQ/uoiCx0hiroBlVRDVH0iJ7RK3oznowX4934mLZmjHRmF/2B8fkD+neb0g==</latexit>

L([q], t) = q(t) (G ⇤ q)(t)
<latexit sha1_base64="IQawkeezYmZJfEZjnqyrkgllUOg=">AAACJ3icbZDLSgMxFIYz9V5vVZdugkVoQcuMeNsoogtdqtgqdErJpGkbTDJjckYow7yNG1/FjaAiuvRNTNtZqPWHwMd/ziHn/EEkuAHX/XRyY+MTk1PTM/nZufmFxcLScs2EsaasSkMR6puAGCa4YlXgINhNpBmRgWDXwe1Jv359z7ThobqCXsQaknQUb3NKwFrNwuHBXQnK2OcKmokvCXSDILlM0wFqmbRS3/COJP7GaQk2h1zGd6WMmoWiW3EHwqPgZVBEmc6bhRe/FdJYMgVUEGPqnhtBIyEaOBUszfuxYRGht6TD6hYVkcw0ksGdKV63Tgu3Q22fAjxwf04kRBrTk4Ht7K9v/tb65n+1egzt/UbCVRQDU3T4UTsWGELcDw23uGYURM8CoZrbXTHtEk0o2GjzNgTv78mjUNuqeLuVnYvt4tFxFsc0WkVrqIQ8tIeO0Bk6R1VE0QN6Qq/ozXl0np1352PYmnOymRX0S87XN+L/pfE=</latexit>

= q(t)

Z

R
d�G(t� �)q(�)

How do we get the EOMs or the momenta? 
<latexit sha1_base64="uKmNF/w44bMGVz88PJC7ct2rQI0="></latexit>

= q(t)

Z

R
d�G(��)q(� + t)

and then apply Taylor…
<latexit sha1_base64="AvhmU4ItarIyOSd9vIP57J0AkZ8="></latexit>

q(� + t) =
1X

n=0

�n

n!
q(n)(t)

<latexit sha1_base64="qq9QgjbQAlmgj6hSKYRU1xIk1i4=">AAACEXicbZDLSsNAFIYn3q23qEs3g0WoICURbxtBdONSwVahacNkOmmHTibpzIkQQl/Bja/ixoUibt25822ctllo9YeBj/+cw5nzB4ngGhzny5qanpmdm19YLC0tr6yu2esbdR2nirIajUWs7gKimeCS1YCDYHeJYiQKBLsNehfD+u09U5rH8gayhDUj0pE85JSAsXy7coo9nUYtj8sQMj+Xp84AE196e/0K7OJ+K6/I3YFB3y47VWck/BfcAsqo0JVvf3rtmKYRk0AF0brhOgk0c6KAU8EGJS/VLCG0RzqsYVCSiOlmPrpogHeM08ZhrMyTgEfuz4mcRFpnUWA6IwJdPVkbmv/VGimEJ82cyyQFJul4UZgKDDEexoPbXDEKIjNAqOLmr5h2iSIUTIglE4I7efJfqO9X3aPq4fVB+ey8iGMBbaFtVEEuOkZn6BJdoRqi6AE9oRf0aj1az9ab9T5unbKKmU30S9bHNwhdm+A=</latexit>

=
1X

n=0

an q(t)q
(n)(t)

<latexit sha1_base64="Zd01fygS2Z8/SaPNb++E8+3RHhg="></latexit>✓
an :=

Z

R
d�

�nG(��)

n!

◆

But, I have to integrate by parts infinite times…
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Motivation Ph.D. thesis defence: Nonlocal Lagrangian formalism

Let us write it as 
<latexit sha1_base64="5DYltiNT/PEWpPa7i9OnE0rmbtM=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkIGFXfDVC0EILiwjmAdklzE5mkyGzj8zcFcKSb7DxV2wsFLG1svNvnCRbaOKBC4dz7uXee9xIcAWm+W1kFhaXlleyq7m19Y3Nrfz2Tl2FsaSsRkMRyqZLFBM8YDXgIFgzkoz4rmANt3819hsPTCoeBvcwjJjjk27APU4JaKmdL90WWwPnEEoXeFCEki2YB8VrmyjAA1vybg9K7UQbI9zOF8yyOQGeJ1ZKCihFtZ3/sjshjX0WABVEqZZlRuAkRAKngo1ydqxYRGifdFlL04D4TDnJ5KURPtBKB3uh1BUAnqi/JxLiKzX0Xd3pE+ipWW8s/ue1YvDOnYQHUQwsoNNFXiwwhHicD+5wySiIoSaESq5vxbRHJKGgU8zpEKzZl+dJ/ahsnZZP7o4Llcs0jizaQ/uoiCx0hiroBlVRDVH0iJ7RK3oznowX4934mLZmjHRmF/2B8fkD+neb0g==</latexit>

L([q], t) = q(t) (G ⇤ q)(t)

<latexit sha1_base64="qq9QgjbQAlmgj6hSKYRU1xIk1i4=">AAACEXicbZDLSsNAFIYn3q23qEs3g0WoICURbxtBdONSwVahacNkOmmHTibpzIkQQl/Bja/ixoUibt25822ctllo9YeBj/+cw5nzB4ngGhzny5qanpmdm19YLC0tr6yu2esbdR2nirIajUWs7gKimeCS1YCDYHeJYiQKBLsNehfD+u09U5rH8gayhDUj0pE85JSAsXy7coo9nUYtj8sQMj+Xp84AE196e/0K7OJ+K6/I3YFB3y47VWck/BfcAsqo0JVvf3rtmKYRk0AF0brhOgk0c6KAU8EGJS/VLCG0RzqsYVCSiOlmPrpogHeM08ZhrMyTgEfuz4mcRFpnUWA6IwJdPVkbmv/VGimEJ82cyyQFJul4UZgKDDEexoPbXDEKIjNAqOLmr5h2iSIUTIglE4I7efJfqO9X3aPq4fVB+ey8iGMBbaFtVEEuOkZn6BJdoRqi6AE9oRf0aj1az9ab9T5unbKKmU30S9bHNwhdm+A=</latexit>

=
1X

n=0

an q(t)q
(n)(t)

<latexit sha1_base64="UPsSLPUDbJpFfqkWKOMERs9QmB8="></latexit>

= lim
N!1

NX

n=0

q(t)q(n)(t)

then we apply the Ostrogradski formalism to get:
<latexit sha1_base64="q73WA9wXf7ZObgJWRdV5697KHTM="></latexit>

NX

n=0

✓
� d

dt

◆n  @L

@q(n)

�
= 0

<latexit sha1_base64="TWO/XSM+r2hKo+VpvTXhoLxv9q8="></latexit>

pn :=
NX

k=n+1

✓
� d

dt

◆k�n�1 @L

@q(k)

EOMs:

Momenta:

<latexit sha1_base64="Z52daQM4XXaGb4R2paUaZ22W7SM="></latexit>

lim
N!1

<latexit sha1_base64="Z52daQM4XXaGb4R2paUaZ22W7SM="></latexit>

lim
N!1

Differential equations and 
moments are no longer 

correctly defined.
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Ph.D. thesis defence: Nonlocal Lagrangian formalism

Definitions
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Definitions 

• Def: A nonlocal Lagrangian is a real-valued functional on

Ex:

where                              

Ph.D. thesis defence: Nonlocal Lagrangian formalism

• Def: The class of all (possible) kinematic trajectories is the

kinematic space
<latexit sha1_base64="xcKKBboxnNWgJD7Mk7vO86bGJAQ=">AAACIHicbZDLSsNAFIYnXmu9VV26CRahgpRE1LoRit0IbqrYCzRpmUwn7dDJJMxMhBDyKG58FTcuFNGdPo2TtHhp/WHg4z/nMOf8TkCJkIbxoc3NLywuLedW8qtr6xubha3tpvBDjnAD+dTnbQcKTAnDDUkkxe2AY+g5FLecUS2tt+4wF8RntzIKsO3BASMuQVAqq1eoWB6UQwRpfJWcf3Mt6VqEuTIqZZbjxDfJ4Q92xUGvUDTKRiZ9FswJFMFE9V7h3er7KPQwk4hCITqmEUg7hlwSRHGSt0KBA4hGcIA7Chn0sLDj7MBE31dOX3d9rh6Teub+noihJ0TkOaozXVJM11Lzv1onlO6ZHRMWhBIzNP7IDakufT1NS+8TjpGkkQKIOFG76mgIOURSZZpXIZjTJ89C86hsnpZPro+L1YtJHDmwC/ZACZigAqrgEtRBAyBwDx7BM3jRHrQn7VV7G7fOaZOZHfBH2ucXZ52kXA==</latexit>

K = C1(R,Rs)

• Def: The extended kinematic space is  

<latexit sha1_base64="1e5v7rurIeFpvEfdpOT7wJThLEs=">AAACA3icbVDJSgNBEO1xjXEb9aaXxiAkEMKMuF2EoBePEcwCmRh6ejpJk54l3TVCGAJe/BUvHhTx6k9482/sJHPQxAcFj/eqqKrnRoIrsKxvY2FxaXllNbOWXd/Y3No2d3ZrKowlZVUailA2XKKY4AGrAgfBGpFkxHcFq7v967Fff2BS8TC4g2HEWj7pBrzDKQEttc39wT3PQ8EZxMTDeX5pFx3hhaCKqtA2c1bJmgDPEzslOZSi0ja/HC+ksc8CoIIo1bStCFoJkcCpYKOsEysWEdonXdbUNCA+U61k8sMIH2nFw51Q6goAT9TfEwnxlRr6ru70CfTUrDcW//OaMXQuWgkPohhYQKeLOrHAEOJxINjjklEQQ00IlVzfimmPSEJBx5bVIdizL8+T2nHJPiud3p7kyldpHBl0gA5RHtnoHJXRDaqgKqLoET2jV/RmPBkvxrvxMW1dMNKZPfQHxucPvx2WUg==</latexit>

qi(t) (i = 1, . . . , s)

<latexit sha1_base64="g7GxsixbrfIK8zTgf6Zi1/7Dgfk=">AAACGnicbZBLS8NAEMcn9VXrK+rRy2IRPJVEfF2EohfBSxX7gCaWzXbbLt082N0IJeRzePGrePGgiDfx4rdx0+ZQWwcG/vxmhpn5exFnUlnWj1FYWFxaXimultbWNza3zO2dhgxjQWidhDwULQ9LyllA64opTluRoNj3OG16w6us3nykQrIwuFejiLo+7gesxwhWGnVM2/GxGhDMk5v0wYkE8ym6QFPQURrJCfG85C7tmGWrYo0DzQs7F2XIo9Yxv5xuSGKfBopwLGXbtiLlJlgoRjhNS04saYTJEPdpW8sA631uMn4tRQeadFEvFDoDhcZ0eiLBvpQj39Od2YVytpbB/2rtWPXO3YQFUaxoQCaLejFHKkSZT6jLBCWKj7TARDB9KyIDLDBR2s2SNsGefXleNI4q9mnl5Pa4XL3M7SjCHuzDIdhwBlW4hhrUgcATvMAbvBvPxqvxYXxOWgtGPrMLf8L4/gUqb6GX</latexit>

K0 = K ⇥ R
for time-dependent Lagrangians

<latexit sha1_base64="5G2qbzENuDH+2PLB9Iteg9RioeA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1l0I7ipYB/QxDKZ3rRDZ5IwMxFLyK+4caGIW3/EnX/jpO1CqwcGDufcyz1zgoQzpR3nyyotLa+srpXXKxubW9s79m61reJUUmjRmMeyGxAFnEXQ0kxz6CYSiAg4dILxVeF3HkAqFkd3epKAL8gwYiGjRBupb1c9QfSIEp7d5PdeIpmAvl1z6s4U+C9x56SG5mj27U9vENNUQKQpJ0r1XCfRfkakZpRDXvFSBQmhYzKEnqEREaD8bJo9x4dGGeAwluZFGk/VnxsZEUpNRGAmi6Rq0SvE/7xeqsMLP2NRkmqI6OxQmHKsY1wUgQdMAtV8YgihkpmsmI6IJFSbuiqmBHfxy39J+7juntVPb09qjct5HWW0jw7QEXLROWqga9RELUTRI3pCL+jVyq1n6816n42WrPnOHvoF6+Mbc56UuQ==</latexit>

K0

<latexit sha1_base64="SOWAtDeelaB+EyY/oNv6eYxHxSE="></latexit>

([qi], t) 2 K0 �! L([qi], t) 2 R
<latexit sha1_base64="kz4nuBShulrYBTbndfeWbd39wNY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68VjBtIU0ls120y7d3cTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpZxp47rfztLyyuraemmjvLm1vbNb2dtv6iRThPok4YlqR1hTziT1DTOctlNFsYg4bUXDm4nfeqJKs0Tem1FKQ4H7ksWMYGMlP3h8YGG3UnVr7hRokXgFqUKBRrfy1eklJBNUGsKx1oHnpibMsTKMcDoudzJNU0yGuE8DSyUWVIf59NgxOrZKD8WJsiUNmqq/J3IstB6JyHYKbAZ63puI/3lBZuKrMGcyzQyVZLYozjgyCZp8jnpMUWL4yBJMFLO3IjLAChNj8ynbELz5lxdJ87TmXdTO786q9esijhIcwhGcgAeXUIdbaIAPBBg8wyu8OdJ5cd6dj1nrklPMHMAfOJ8/uwaOpg==</latexit>

[qi]
<latexit sha1_base64="zn36JxHhnMoY/elWEvA4VI99XJg=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5gGbNcxOZpMhM7PrzKwQlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXmHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJn4rSeqNIvlvRklNBC4L1nECDZW8h8fWKWjWV/gk26p7FbdKdAi8XJShhz1bumr04tJKqg0hGOtfc9NTJBhZRjhdFzspJommAxxn/qWSiyoDrLpyWN0bJUeimJlSxo0VX9PZFhoPRKh7RTYDPS8NxH/8/zURFdBxmSSGirJbFGUcmRiNPkf9ZiixPCRJZgoZm9FZIAVJsamVLQhePMvL5LmadW7qJ7fnZVr13kcBTiEI6iAB5dQg1uoQwMIxPAMr/DmGOfFeXc+Zq1LTj5zAH/gfP4Auq+Q6A==</latexit>

qi(�)

<latexit sha1_base64="5DYltiNT/PEWpPa7i9OnE0rmbtM=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkIGFXfDVC0EILiwjmAdklzE5mkyGzj8zcFcKSb7DxV2wsFLG1svNvnCRbaOKBC4dz7uXee9xIcAWm+W1kFhaXlleyq7m19Y3Nrfz2Tl2FsaSsRkMRyqZLFBM8YDXgIFgzkoz4rmANt3819hsPTCoeBvcwjJjjk27APU4JaKmdL90WWwPnEEoXeFCEki2YB8VrmyjAA1vybg9K7UQbI9zOF8yyOQGeJ1ZKCihFtZ3/sjshjX0WABVEqZZlRuAkRAKngo1ydqxYRGifdFlL04D4TDnJ5KURPtBKB3uh1BUAnqi/JxLiKzX0Xd3pE+ipWW8s/ue1YvDOnYQHUQwsoNNFXiwwhHicD+5wySiIoSaESq5vxbRHJKGgU8zpEKzZl+dJ/ahsnZZP7o4Llcs0jizaQ/uoiCx0hiroBlVRDVH0iJ7RK3oznowX4934mLZmjHRmF/2B8fkD+neb0g==</latexit>

L([q], t) = q(t) (G ⇤ q)(t)
<latexit sha1_base64="IQawkeezYmZJfEZjnqyrkgllUOg=">AAACJ3icbZDLSgMxFIYz9V5vVZdugkVoQcuMeNsoogtdqtgqdErJpGkbTDJjckYow7yNG1/FjaAiuvRNTNtZqPWHwMd/ziHn/EEkuAHX/XRyY+MTk1PTM/nZufmFxcLScs2EsaasSkMR6puAGCa4YlXgINhNpBmRgWDXwe1Jv359z7ThobqCXsQaknQUb3NKwFrNwuHBXQnK2OcKmokvCXSDILlM0wFqmbRS3/COJP7GaQk2h1zGd6WMmoWiW3EHwqPgZVBEmc6bhRe/FdJYMgVUEGPqnhtBIyEaOBUszfuxYRGht6TD6hYVkcw0ksGdKV63Tgu3Q22fAjxwf04kRBrTk4Ht7K9v/tb65n+1egzt/UbCVRQDU3T4UTsWGELcDw23uGYURM8CoZrbXTHtEk0o2GjzNgTv78mjUNuqeLuVnYvt4tFxFsc0WkVrqIQ8tIeO0Bk6R1VE0QN6Qq/ozXl0np1352PYmnOymRX0S87XN+L/pfE=</latexit>

= q(t)

Z

R
d�G(t� �)q(�)

means functional dependence on the whole 
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• Def: We define the time evolution operator      
<latexit sha1_base64="JqVY+eUGpPAayX9H58NX5EQUTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rtrXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrFk4T7kd0pEQoGEUrPbQGOChX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nXRqVe+qWr+vVxq1PI4inME5XIIH19CAO2hCGxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gA4go24</latexit>

Tt

<latexit sha1_base64="EMSGqSBTovH3I7uN2w9j1K8ttfw=">AAACInicbVDLSgMxFM34tr6qLt0Ei1BByoz43IluXFZorTAzDpk0bUMzyZjcUcrQb3Hjr7hxoagrwY8xrV2o9UDgcM655N4Tp4IbcN0PZ2Jyanpmdm6+sLC4tLxSXF27NCrTlNWpEkpfxcQwwSWrAwfBrlLNSBIL1oi7ZwO/ccu04UrWoJeyMCFtyVucErBSVDwu+zfXPNxxt3FggNCuZiKvRdDPA6FkW/N2B4jW6q6Py77V8TCNYRtHxZJbcYfA48QbkRIaoRoV34KmolnCJFBBjPE9N4UwJxo4FaxfCDLDUrsBaTPfUkkSZsJ8eGIfb1mliVtK2ycBD9WfEzlJjOklsU0mBDrmrzcQ//P8DFpHYc5lmgGT9PujViYwKDzoCze5ZhREzxJCNbe7YtohmlCwrRZsCd7fk8fJ5W7FO6jsX+yVTk5HdcyhDbSJyshDh+gEnaMqqiOK7tEjekYvzoPz5Lw679/RCWc0s45+wfn8AgD8o1U=</latexit>

([qi], 0)
Tt�! ([Ttq

i], t) where
<latexit sha1_base64="UKDvE7JtqXEhgx2QYtvprfqyuXk=">AAACCHicbVDJSgNBEO1xjXEb9ejBxiAkCGFG3C5C0IvHCNkgGYeeTk/SpGexu0YIQ45e/BUvHhTx6id482/sLIeY+KDg9XtVdNXzYsEVWNaPsbC4tLyymlnLrm9sbm2bO7s1FSWSsiqNRCQbHlFM8JBVgYNgjVgyEniC1b3ezdCvPzKpeBRWoB8zJyCdkPucEtCSax5UXMAP9zzfUrwTkAK+mnodQ8E1c1bRGgHPE3tCcmiCsmt+t9oRTQIWAhVEqaZtxeCkRAKngg2yrUSxmNAe6bCmpiEJmHLS0SEDfKSVNvYjqSsEPFKnJ1ISKNUPPN0ZEOiqWW8o/uc1E/AvnZSHcQIspOOP/ERgiPAwFdzmklEQfU0IlVzvimmXSEJBZ5fVIdizJ8+T2knRPi+e3Z3mSteTODJoHx2iPLLRBSqhW1RGVUTRE3pBb+jdeDZejQ/jc9y6YExm9tAfGF+/QL6YOg==</latexit>

Ttq
i(�) = qi(� + t)

Ex: 
<latexit sha1_base64="SlugtkD9WnWWamseq8ibB//17Yc="></latexit>

L([q], t) = q(t)

Z

R
d�G(t� �)q(�)

<latexit sha1_base64="uKmNF/w44bMGVz88PJC7ct2rQI0="></latexit>

= q(t)

Z

R
d�G(��)q(� + t)

<latexit sha1_base64="XK5wpX/IRx3EiTeYcEF0g079do4="></latexit>

= Ttq(0)

Z

R
d�G(��)Ttq(�)

Definitions Ph.D. thesis defence: Nonlocal Lagrangian formalism

as 

•   Obs: It is possible to establish a one-to-one correspondence 
between the “infinite-order” Ostrogradsky formalism and  the 
nonlocal one via formal Taylor’s series (FTS)

<latexit sha1_base64="nPxZ+dvGhvFCDXkdSYYlTxwYW7k="></latexit>✓n
qi,(r)(t)

o

r2N
, t

◆
 ! ([qi], t)

<latexit sha1_base64="e+M25WlXKmEhd5DU9iG/g1zrxhQ="></latexit>

qi(� + t) =
1X

k=0

�k

k!
qi,(k)(t)with

<latexit sha1_base64="MiOmvhmCGqnoYavhW63rS3Cgzbk=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzTCxrW13RTcuXFToS9qhZNJMG5rJjElGKEO/wo0LRdz6Oe78G9OHoKIHLhzOuZd77/EizpR2nA8rtbK6tr6R3sxsbe/s7mX3D1oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9saXM799T6VioWjoSUTdAA8F8xnB2ki31/lGX8O7U9jP5hy7XKyWCxXo2KiAUKG0IMUqgsh25siBJer97HtvEJI4oEITjpXqIifSboKlZoTTaaYXKxphMsZD2jVU4IAqN5kfPIUnRhlAP5SmhIZz9ftEggOlJoFnOgOsR+q3NxP/8rqx9ituwkQUayrIYpEfc6hDOPseDpikRPOJIZhIZm6FZIQlJtpklDEhfH0K/yetMxud26WbYq52sYwjDY7AMcgDBMqgBq5AHTQBAQF4AE/g2ZLWo/VivS5aU9Zy5hD8gPX2CYZuj5o=</latexit>

L(Ttq)
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The curve                  visually is
<latexit sha1_base64="khMSRgvrO2xAHE8rIj8JCg4iM6E=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZKUVdFty4rNAbTIeSSTNtaCYzJmeEMnTtxldx40IRtz6BO9/G9LLQ6oGEj/8/h+T8QSK4Bsf5snIrq2vrG/nNwtb2zu6evX/Q0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2Mrqd++54pzWPZgHHC/IgMJA85JWCknn3cFSyE0uz2Gj3Ad13FB0Pwz2EOZz276JSdWeG/4C6giBZV79mf3X5M04hJoIJo7blOAn5GFHAq2KTQTTVLCB2RAfMMShIx7WezVSb41Ch9HMbKHAl4pv6cyEik9TgKTGdEYKiXvan4n+elEF75GZdJCkzS+UNhKjDEeJoL7nPFKIixAUIVN3/FdEgUoWDSK5gQ3OWV/0KrUnYvytXbarFWWcSRR0foBJWQiy5RDd2gOmoiih7QE3pBr9aj9Wy9We/z1py1mDlEv8r6+AbXEZpR</latexit>

([Ttq] , t)
<latexit sha1_base64="dSPXhHME0sZecuLyMrbSrDc6eM4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtk1yQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hk0mPVPR+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHErKNnQ==</latexit>

q(0)

<latexit sha1_base64="gs4sOpI5x2zhitPlwHFAvfnoz5w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtk1yQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hk0mPVnA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDegaN4Q==</latexit>

q(t)

<latexit sha1_base64="IFLuCUhb8m2Q+IzD4rN8S2zwg6I=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BLx4j5AXJEmYnk2TI7Ow60yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VxFIYdN1vZ219Y3NrO7eT393bPzgsHB03TZRoxhsskpFuB9RwKRRvoEDJ27HmNAwkbwXju5nfeuLaiEjVcRJzP6RDJQaCUbRSq97Dx5J70SsU3bI7B1klXkaKkKHWK3x1+xFLQq6QSWpMx3Nj9FOqUTDJp/luYnhM2ZgOecdSRUNu/HR+7pScW6VPBpG2pZDM1d8TKQ2NmYSB7QwpjsyyNxP/8zoJDm78VKg4Qa7YYtEgkQQjMvud9IXmDOXEEsq0sLcSNqKaMrQJ5W0I3vLLq6R5WfauypWHSrF6m8WRg1M4gxJ4cA1VuIcaNIDBGJ7hFd6c2Hlx3p2PReuak82cwB84nz9GU47i</latexit>

Ttq(0)

Local case:

Definitions Ph.D. thesis defence: Nonlocal Lagrangian formalism
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Ph.D. thesis defence: Nonlocal Lagrangian formalism

Principle of least action
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Principle of least action

Why?

<latexit sha1_base64="dTFyotiSdgWybjtu3r4ddaFms44=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO7xZ+94lpw2P1aGcJCyQZKx5xSmwuDX08rNa8upcDrxO/IDUo0BpWvwajmKaSKUsFMabve4kNMqItp4LNK4PUsITQKRmzvqOKSGaCLL91ji+cMsJRrF0pi3P190RGpDEzGbpOSezErHoL8T+vn9roNsi4SlLLFF0uilKBbYwXj+MR14xaMXOEUM3drZhOiCbUungqLgR/9eV10rmq+4369cN1rdko4ijDGZzDJfhwA024hxa0gcIEnuEV3pBEL+gdfSxbS6iYOYU/QJ8/W1aNww==</latexit>

t1

<latexit sha1_base64="KNOFcmZo9QBnbPmmaWZ28FDxCgY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKqR4LXjxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZn7j09cGxGrB5wm3I/oSIlQMIpWusdBbVCuuFV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUql6jWr+rV5qNPI4inME5XIIHV9CEW2hBGxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gAGbo2a</latexit>

t2
<latexit sha1_base64="7CDqW0y5KcCyzMa+erWBndgPif8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJrkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJpMequRyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9vl5pNvI4inAG51AFD66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBdmqN1Q==</latexit>

q(t)

<latexit sha1_base64="urnglR2xW2rur78B5z23/cKDSMs=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8SElKqR4LXjxWsB/QhrDZbtqlm03cnRRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzgkRwjY7zbW1sbm3v7Bb2ivsHh0fHpZPTto5TRVmLxiJW3YBoJrhkLeQoWDdRjESBYJ1gfDf3OxOmNI/lI04T5kVkKHnIKUEjedjnsoe+e41+1fNLZafiLGCvEzcnZcjR9Etf/UFM04hJpIJo3XOdBL2MKORUsFmxn2qWEDomQ9YzVJKIaS9bHD2zL40ysMNYmZJoL9TfExmJtJ5GgemMCI70qjcX//N6KYa3XsZlkiKTdLkoTIWNsT1PwB5wxSiKqSGEKm5utemIKELR5FQ0IbirL6+TdrXi1iu1h1q5Uc/jKMA5XMAVuHADDbiHJrSAwhM8wyu8WRPrxXq3PpatG1Y+cwZ/YH3+APkykY0=</latexit>

t 2 [t1, t2]where but, in nonlocal theories,

<latexit sha1_base64="LG7n/gW37bjjr6coDESL7EicOLQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsh7VKyabYNTbLbJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49u5336iSrNIPphpTH2Bh5KFjGBjpcdJuafZUODLfrHkVtwF0DrxMlKCDI1+8as3iEgiqDSEY627nhsbP8XKMMLprNBLNI0xGeMh7VoqsaDaTxcHz9CFVQYojJQtadBC/T2RYqH1VAS2U2Az0qveXPzP6yYmvPFTJuPEUEmWi8KEIxOh+fdowBQlhk8twUQxeysiI6wwMTajgg3BW315nbSuKl6tUr2vluq1LI48nME5lMGDa6jDHTSgCQQEPMMrvDnKeXHenY9la87JZk7hD5zPHze0kAA=</latexit>

q(�)

?

<latexit sha1_base64="4vEEMnFBdckPfD/+duLH4yVlgcU=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfuB7VKyabYNTbLbJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49u5336iSrNIPphpTH2Bh5KFjGBjpcdJuafZUOBL1C+W3Iq7AFonXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRV6iaYxJmM8pF1LJRZU++ni4hm6sMoAhZGyJQ1aqL8nUiy0norAdgpsRnrVm4v/ed3EhDd+ymScGCrJclGYcGQiNH8fDZiixPCpJZgoZm9FZIQVJsaGVLAheKsvr5PWVcWrVar31VK9lsWRhzM4hzJ4cA11uIMGNIGAhGd4hTdHOy/Ou/OxbM052cwp/IHz+QOQV5Aq</latexit>

q(�)
<latexit sha1_base64="Z9SjB+qLniOsov62GrLfswJU2Qs=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRSqsuCG5dV7AOaUCbTaTt0ZhJmJkII9VfcuFDErR/izr9x0mahrQcGDufcyz1zwphRpV332yptbG5t75R3K3v7B4dH9vFJV0WJxKSDIxbJfogUYVSQjqaakX4sCeIhI71wdpP7vUciFY3Eg05jEnA0EXRMMdJGGtpVX9EJRz4VPkd6GobZ/Xxo19y6u4CzTryC1KBAe2h/+aMIJ5wIjRlSauC5sQ4yJDXFjMwrfqJIjPAMTcjAUIE4UUG2CD93zo0ycsaRNE9oZ6H+3sgQVyrloZnME6pVLxf/8waJHl8HGRVxoonAy0PjhDk6cvImnBGVBGuWGoKwpCarg6dIIqxNXxVTgrf65XXSvax7zXrjrlFrNYs6ynAKZ3ABHlxBC26hDR3AkMIzvMKb9WS9WO/Wx3K0ZBU7VfgD6/MHM36VGg==</latexit>

� 2 R

<latexit sha1_base64="CgB2GsJqlg024sedCDjN82+AlYs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoipXosePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6lz1hQpxOihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx7oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw1s/EypJkSu2XBSmkmBM5r+TodCcoZxaQpkW9lbCxlRThjahkg3BW315nbSvq169WnuoVRr1PI4inME5XIIHN9CAe2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEorI9u</latexit>

+1

<latexit sha1_base64="KNOFcmZo9QBnbPmmaWZ28FDxCgY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKqR4LXjxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZn7j09cGxGrB5wm3I/oSIlQMIpWusdBbVCuuFV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUql6jWr+rV5qNPI4inME5XIIHV9CEW2hBGxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gAGbo2a</latexit>

t2

<latexit sha1_base64="p2cmV/BhQgMlqI953D0z046jHEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRUj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZv7nSeujYjVI04T7kd0pEQoGEUrda76QoU4HZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4d0YurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4a2fCZWkyBVbLgpTSTAm89/JUGjOUE4toUwLeythY6opQ5tQyYbgrb68TtrXVa9erT3UKo16HkcRzuAcLsGDG2jAPTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gArwI9w</latexit>�1
<latexit sha1_base64="rhECWcBMi5d4aAXu8JTJpqqtLWk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzjwBuWKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieONnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atXa/e1SqOex1GEMziHS/DgGhpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHwTqjZk=</latexit>

t1

Ph.D. thesis defence: Nonlocal Lagrangian formalism

• Def: We define the nonlocal action integral as
<latexit sha1_base64="BxkGIlLPQHjCDXBlRI7txDY/p2o="></latexit>

S(q) :=

Z

R
dt L (Ttq, t)

If it is unbounded, could it be infinity?

with
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It could be. For this reason, we introduce:

<latexit sha1_base64="dTFyotiSdgWybjtu3r4ddaFms44=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO7xZ+94lpw2P1aGcJCyQZKx5xSmwuDX08rNa8upcDrxO/IDUo0BpWvwajmKaSKUsFMabve4kNMqItp4LNK4PUsITQKRmzvqOKSGaCLL91ji+cMsJRrF0pi3P190RGpDEzGbpOSezErHoL8T+vn9roNsi4SlLLFF0uilKBbYwXj+MR14xaMXOEUM3drZhOiCbUungqLgR/9eV10rmq+4369cN1rdko4ijDGZzDJfhwA024hxa0gcIEnuEV3pBEL+gdfSxbS6iYOYU/QJ8/W1aNww==</latexit>

t1

<latexit sha1_base64="KNOFcmZo9QBnbPmmaWZ28FDxCgY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKqR4LXjxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZn7j09cGxGrB5wm3I/oSIlQMIpWusdBbVCuuFV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUql6jWr+rV5qNPI4inME5XIIHV9CEW2hBGxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gAGbo2a</latexit>

t2
<latexit sha1_base64="7CDqW0y5KcCyzMa+erWBndgPif8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJrkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJpMequRyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9vl5pNvI4inAG51AFD66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBdmqN1Q==</latexit>

q(t)
<latexit sha1_base64="CgB2GsJqlg024sedCDjN82+AlYs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoipXosePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6lz1hQpxOihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx7oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw1s/EypJkSu2XBSmkmBM5r+TodCcoZxaQpkW9lbCxlRThjahkg3BW315nbSvq169WnuoVRr1PI4inME5XIIHN9CAe2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEorI9u</latexit>

+1

<latexit sha1_base64="KNOFcmZo9QBnbPmmaWZ28FDxCgY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKqR4LXjxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZn7j09cGxGrB5wm3I/oSIlQMIpWusdBbVCuuFV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUql6jWr+rV5qNPI4inME5XIIHV9CEW2hBGxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gAGbo2a</latexit>

t2

<latexit sha1_base64="p2cmV/BhQgMlqI953D0z046jHEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRUj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZv7nSeujYjVI04T7kd0pEQoGEUrda76QoU4HZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4d0YurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4a2fCZWkyBVbLgpTSTAm89/JUGjOUE4toUwLeythY6opQ5tQyYbgrb68TtrXVa9erT3UKo16HkcRzuAcLsGDG2jAPTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gArwI9w</latexit>�1

<latexit sha1_base64="LG7n/gW37bjjr6coDESL7EicOLQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsh7VKyabYNTbLbJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49u5336iSrNIPphpTH2Bh5KFjGBjpcdJuafZUODLfrHkVtwF0DrxMlKCDI1+8as3iEgiqDSEY627nhsbP8XKMMLprNBLNI0xGeMh7VoqsaDaTxcHz9CFVQYojJQtadBC/T2RYqH1VAS2U2Az0qveXPzP6yYmvPFTJuPEUEmWi8KEIxOh+fdowBQlhk8twUQxeysiI6wwMTajgg3BW315nbSuKl6tUr2vluq1LI48nME5lMGDa6jDHTSgCQQEPMMrvDnKeXHenY9la87JZk7hD5zPHze0kAA=</latexit>

q(�)

<latexit sha1_base64="LG7n/gW37bjjr6coDESL7EicOLQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsh7VKyabYNTbLbJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49u5336iSrNIPphpTH2Bh5KFjGBjpcdJuafZUODLfrHkVtwF0DrxMlKCDI1+8as3iEgiqDSEY627nhsbP8XKMMLprNBLNI0xGeMh7VoqsaDaTxcHz9CFVQYojJQtadBC/T2RYqH1VAS2U2Az0qveXPzP6yYmvPFTJuPEUEmWi8KEIxOh+fdowBQlhk8twUQxeysiI6wwMTajgg3BW315nbSuKl6tUr2vluq1LI48nME5lMGDa6jDHTSgCQQEPMMrvDnKeXHenY9la87JZk7hD5zPHze0kAA=</latexit>

q(�)
<latexit sha1_base64="+L/8hfXhoYCOny4r24N7V4njvd4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHu77Xr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHq16uXdZaVey+Mowgmcwjl4cAV1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/RD413</latexit>

R1<latexit sha1_base64="YgtrqgtDyA7UPCfeCvVzVIzk3q4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQY8kXjzig0cCGzI7zMKE2dnNTK8JIXyCFw8a49Uv8ubfOMAeFKykk0pVd7q7gkQKg6777eQ2Nre2d/K7hb39g8Oj4vFJy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn77SeujYjVI04S7kd0qEQoGEUrPdz3K/1iyS27C5B14mWkBBka/eJXbxCzNOIKmaTGdD03QX9KNQom+azQSw1PKBvTIe9aqmjEjT9dnDojF1YZkDDWthSShfp7YkojYyZRYDsjiiOz6s3F/7xuiuG1PxUqSZErtlwUppJgTOZ/k4HQnKGcWEKZFvZWwkZUU4Y2nYINwVt9eZ20KmWvVq7eVUv1WhZHHs7gHC7Bgyuowy00oAkMhvAMr/DmSOfFeXc+lq05J5s5hT9wPn8A0pONeA==</latexit>

R2

<latexit sha1_base64="YCRFprOOQCW5E+tSSD9/GK0EAhY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVoEcSLx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw33vslcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0L8petVy5q5Rq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A1BeNeQ==</latexit>

R3

<latexit sha1_base64="SVIEeVX2fChDUCVb8UpPD4Lfdbk="></latexit>

S(q,R) =

Z

|t|R
dt L(Ttq, t) , 8R 2 R+

Principle of least action Ph.D. thesis defence: Nonlocal Lagrangian formalism

the 1-parameter family of finite action integrals
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• As long as the limit exists, the nonlocal Euler-Lagrange equations

• The principle of least action reads

of compact support.

Principle of least action

It can be shown that, with a standard 
Lagrangian of the first order, we can 
recover the Euler-Lagrange equations 

<latexit sha1_base64="oD3tcrUXZ3q2ya7H26/rxr0IYOM="></latexit>

lim
R!1

�S(q,R) ⌘ lim
R!1

Z

|t|R
dt

Z

R
d�

�L(Ttq, t)

�q(�)
�q(�)

=

Z

R
d� �q(�)

Z

R
dt

�L(Ttq, t)

�q(�)
= 0

Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="4Lq+iUK2Bue+EMi7QgH5yHZ3EOI=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREfC2LblxWsA9oQrmZTNqhM0mcmQil1I2/4saFIm79C3f+jdM2C209cOFwzr3ce0+Qcqa043xbC4tLyyurhbXi+sbm1ra9s9tQSSYJrZOEJ7IVgKKcxbSumea0lUoKIuC0GfSvx37zgUrFkvhOD1LqC+jGLGIEtJE69r4XJRI4x15IuQZ8X/YU6wo47tglp+JMgOeJm5MSylHr2F9emJBM0FgTDkq1XSfV/hCkZoTTUdHLFE2B9KFL24bGIKjyh5MPRvjIKCE2p5iKNZ6ovyeGIJQaiMB0CtA9NeuNxf+8dqajS3/I4jTTNCbTRVHGsU7wOA4cMkmJ5gNDgEhmbsWkBxKINqEVTQju7MvzpHFScc8rZ7enpepVHkcBHaBDVEYuukBVdINqqI4IekTP6BW9WU/Wi/VufUxbF6x8Zg/9gfX5A5MullY=</latexit>

8�q(�)

Cauchy’s problem! 

are:

<latexit sha1_base64="nfLcdW+w4UodWUTRX8Avjs1rD6Y="></latexit>

�(q, t,�) :=
�L(Ttq, t)

�q(�)
<latexit sha1_base64="MovRCyIu0FFdLtcBW1DXS+c14Uk="></latexit>

 (q,�) :=

Z

R
dt�(q, t,�)

<latexit sha1_base64="3s1PqMxaetQ3Gh3lKTcH6PpHawI=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahgpREfG2EohuXFewDmlAm00k7dCaJMxOxhP6KGxeKuPVH3Pk3Th8LbT1w4XDOvdx7T5BwprTjfFu5peWV1bX8emFjc2t7x94tNlScSkLrJOaxbAVYUc4iWtdMc9pKJMUi4LQZDG7GfvORSsXi6F4PE+oL3ItYyAjWRurYRS9RrPxw7CnWE/gIXSGnY5ecijMBWiTujJRghlrH/vK6MUkFjTThWKm26yTaz7DUjHA6KnipogkmA9yjbUMjLKjys8ntI3RolC4KY2kq0mii/p7IsFBqKALTKbDuq3lvLP7ntVMdXvoZi5JU04hMF4UpRzpG4yBQl0lKNB8agolk5lZE+lhiok1cBROCO//yImmcVNzzytndaal6PYsjD/twAGVw4QKqcAs1qAOBJ3iGV3izRtaL9W59TFtz1mxmD/7A+vwB9eCTGQ==</latexit>

 (q,�) = 0

<latexit sha1_base64="p3WGTN/Fmrm+3g8KiIc1xjMUa4k=">AAACA3icbVDLSsNAFL3xWesr6k43wSK4Kon4WhbduKxiH9CEMplO2qEzkzAzEUoouPFX3LhQxK0/4c6/cdJmoa0HBg7n3Muce8KEUaVd99taWFxaXlktrZXXNza3tu2d3aaKU4lJA8cslu0QKcKoIA1NNSPtRBLEQ0Za4fA691sPRCoai3s9SkjAUV/QiGKkjdS19/0ologxX9E+Rz4VPkd6EIbZ3bhrV9yqO4EzT7yCVKBAvWt/+b0Yp5wIjRlSquO5iQ4yJDXFjIzLfqpIgvAQ9UnHUIE4UUE2uWHsHBml55gw5gntTNTfGxniSo14aCbzhGrWy8X/vE6qo8sgoyJJNRF4+lGUMkfHTl6I06OSYM1GhiAsqcnq4AGSCGtTW9mU4M2ePE+aJ1XvvHp2e1qpXRV1lOAADuEYPLiAGtxAHRqA4RGe4RXerCfrxXq3PqajC1axswd/YH3+ANAcmEk=</latexit>

8� 2 R
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• We might coordinate a point 

Principle of least action Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="kj9mzfFIeNamA5Xycz5gbUdnsfc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURX8uiG8FNBfuAJpbJdNoOnUzCzESosQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMyeIOVPacb6tufmFxaXlwkpxdW19Y9Pe2q6rKJGE1kjEI9kMsKKcCVrTTHPajCXFYcBpIxhcZn7jnkrFInGrhzH1Q9wTrMsI1kZq27sPHhNeiHWfYJ5ej+68WLKQtu2SU3bGQLPEzUkJclTb9pfXiUgSUqEJx0q1XCfWfoqlZoTTUdFLFI0xGeAebRkqcEiVn47zj9CBUTqoG0nzhEZj9fdGikOlhmFgJrOkatrLxP+8VqK7537KRJxoKsjkUDfhSEcoKwN1mKRE86EhmEhmsiLSxxITbSormhLc6S/PkvpR2T0tn9wclyoXeR0F2IN9OAQXzqACV1CFGhB4hGd4hTfryXqx3q2Pyeicle/swB9Ynz+zWJaO</latexit>

z 2 K0
in two different ways:

<latexit sha1_base64="yX1fpuLxNfvmFa0nMP61Z3oHLQk="></latexit>

(a) K0 �! K ⇥ R (b) K0 �! K ⇥ R
z 7�! (q̃, t) z 7�! (q, t)

where
<latexit sha1_base64="SLP0FOZ4/LMZ89pupLyFMgZruI8=">AAACIHicbZDLSgMxFIYzXmu9jbp0EyxCi1BmRK0boejGZYXeoDOUTJq2oZlLkzNCGfoobnwVNy4U0Z0+jWk7i9r6Q+DnO+dwcn4vElyBZX0bK6tr6xubma3s9s7u3r55cFhXYSwpq9FQhLLpEcUED1gNOAjWjCQjvidYwxvcTeqNRyYVD4MqjCLm+qQX8C6nBDRqm6Vh3lG855MCvsHVNmAHuOiwZDie44vsDAptM2cVranwsrFTk0OpKm3zy+mENPZZAFQQpVq2FYGbEAmcCjbOOrFiEaED0mMtbQPiM+Um0wPH+FSTDu6GUr8A8JTOTyTEV2rke7rTJ9BXi7UJ/K/WiqF77SY8iGJgAZ0t6sYCQ4gnaeEOl4yCGGlDqOT6r5j2iSQUdKZZHYK9ePKyqZ8X7avi5cNFrnybxpFBx+gE5ZGNSqiM7lEF1RBFT+gFvaF349l4NT6Mz1nripHOHKE/Mn5+AadzohQ=</latexit>

q(�) = Ttq̃(�) = q̃(� + t)

We shall refer to:  

• Why? Because the time evolution expression in each of 
these coordinate systems is: 

<latexit sha1_base64="1DgXyPmYyUBAuG8tx2LwZfNx2yc=">AAAB9HicbVDJSgNBEO1xjXGLevQyGIQIEmbE7Rj04jGCWSAZQk9PTdKkp2fSXRMIQ77DiwdFvPox3vwbO8tBEx8UPN6roqqenwiu0XG+rZXVtfWNzdxWfntnd2+/cHBY13GqGNRYLGLV9KkGwSXUkKOAZqKARr6Aht+/n/iNISjNY/mEowS8iHYlDzmjaCSv1EYuAsgG43M86xSKTtmZwl4m7pwUyRzVTuGrHcQsjUAiE1Trlusk6GVUIWcCxvl2qiGhrE+70DJU0gi0l02PHtunRgnsMFamJNpT9fdERiOtR5FvOiOKPb3oTcT/vFaK4a2XcZmkCJLNFoWpsDG2JwnYAVfAUIwMoUxxc6vNelRRhianvAnBXXx5mdQvyu51+erxsli5m8eRI8fkhJSIS25IhTyQKqkRRgbkmbySN2tovVjv1sesdcWazxyRP7A+fwBLaZHO</latexit>

(q̃, t) as static coordinates
<latexit sha1_base64="6j13gH/vjg6C2oHojjjuKklu+LI=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBEqSEnEr2PRi8cKpi20oWy2m3bpZhN3J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiu0XG+raXlldW19cJGcXNre2e3tLff0HGqKPNoLGLVCohmgkvmIUfBWoliJAoEawbD24nffGJK81g+4ChhfkT6koecEjSSV3k8xZNuqexUnSnsReLmpAw56t3SV6cX0zRiEqkgWrddJ0E/Iwo5FWxc7KSaJYQOSZ+1DZUkYtrPpseO7WOj9OwwVqYk2lP190RGIq1HUWA6I4IDPe9NxP+8dorhtZ9xmaTIJJ0tClNhY2xPPrd7XDGKYmQIoYqbW206IIpQNPkUTQju/MuLpHFWdS+rF/fn5dpNHkcBDuEIKuDCFdTgDurgAQUOz/AKb5a0Xqx362PWumTlMwfwB9bnD+Kajhg=</latexit>

(q, t) as moving coordinates

<latexit sha1_base64="3SS7XxVcRi3YLSVBTwGwc7UoDkM="></latexit>

(a) (q̃, t)
T⌧�! (q̃, t+ ⌧)

<latexit sha1_base64="KnJi8pEpf5kwvKEnNnXiAITrkC0="></latexit>

(b) (q, t)
T⌧�! (T⌧q, t+ ⌧)
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Ph.D. thesis defence: Nonlocal Lagrangian formalism

Visually,
<latexit sha1_base64="MHYYQvP7X3Ri8MfGeQ0XuHMFlhQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsq9oHtUDJp2oZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy0eiBwOOdecu4JYikMuu6XU1haXlldK66XNja3tnfKu3tNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4OvNbj1wbEal7nMTcD+lQiYFgFK300A0pjoIgvZv2yhW36s5A/hIvJxXIUe+VP7v9iCUhV8gkNabjuTH6KdUomOTTUjcxPKZsTIe8Y6miITd+Oks8JUdW6ZNBpO1TSGbqz42UhsZMwsBOZgnNopeJ/3mdBAeXfipUnCBXbP7RIJEEI5KdT/pCc4ZyYgllWtishI2opgxtSSVbgrd48l/SPKl659Wz29NK7SqvowgHcAjH4MEF1OAG6tAABgqe4AVeHeM8O2/O+3y04OQ7+/ALzsc3wJ+Q/A==</latexit>R

<latexit sha1_base64="a9Zfh/RUl/3NU47z91SeSzJ8UXw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l0I7ipYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4LAkWs=</latexit>

K<latexit sha1_base64="hPex2QLTUfb7zEdV9tjGk3wAzf4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuscrt1euuFV3BvKXeDmpQI56r/zZ7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyZJU+CWNtSyGZqT8nMhoZM44C2xlRHJpFbyr+53VSDC/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/Hlv6R5UvXOq2d3p5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B05uNgw==</latexit>

t = 0
<latexit sha1_base64="V9uPzciQAr3mjc/lZvfJlAeJs/U=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiTia1l047KCfUATymQyaYdOJnFmUiihf+LGhSJu/RN3/o3TNgttPXDhcM693HtPkHKmtON8Wyura+sbm6Wt8vbO7t6+fXDYUkkmCW2ShCeyE2BFORO0qZnmtJNKiuOA03YwvJv67RGViiXiUY9T6se4L1jECNZG6tm2pxkPKXqqeor1Y3zWsytOzZkBLRO3IBUo0OjZX16YkCymQhOOleq6Tqr9HEvNCKeTspcpmmIyxH3aNVTgmCo/n10+QadGCVGUSFNCo5n6eyLHsVLjODCdMdYDtehNxf+8bqajGz9nIs00FWS+KMo40gmaxoBCJinRfGwIJpKZWxEZYImJNmGVTQju4svLpHVec69qlw8XlfptEUcJjuEEquDCNdThHhrQBAIjeIZXeLNy68V6tz7mrStWMXMEf2B9/gC1TpMS</latexit>

q̃(�)

Moving coordinates

<latexit sha1_base64="f6j8kXUg6umQtpQ+eCD3PN9+19I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4tQ9OKxgmkLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPGiZONeM+i2WsWyE1XArFfRQoeSvRnEah5M1wdDf1m09cGxGrRxwnPIjoQIm+YBSt5OMNdr1uueJW3RnIMvFyUoEc9W75q9OLWRpxhUxSY9qem2CQUY2CST4pdVLDE8pGdMDblioacRNks2Mn5MQqPdKPtS2FZKb+nshoZMw4Cm1nRHFoFr2p+J/XTrF/HWRCJSlyxeaL+qkkGJPp56QnNGcox5ZQpoW9lbAh1ZShzadkQ/AWX14mjbOqd1m9eDiv1G7zOIpwBMdwCh5cQQ3uoQ4+MBDwDK/w5ijnxXl3PuatBSefOYQ/cD5/AGGEjms=</latexit>

t = t1

<latexit sha1_base64="b+ORmnBUqv4lUps0I1a+ZBxBdvU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kknx6yIUvXisYNpCG8pmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJv6zSeujUjUI45SHsS0r0QkGEUr+XiD3Wq3VHYr7gxkmXg5KUOOerf01eklLIu5QiapMW3PTTEYU42CST4pdjLDU8qGtM/blioacxOMZ8dOyKlVeiRKtC2FZKb+nhjT2JhRHNrOmOLALHpT8T+vnWF0HYyFSjPkis0XRZkkmJDp56QnNGcoR5ZQpoW9lbAB1ZShzadoQ/AWX14mjWrFu6xcPJyXa7d5HAU4hhM4Aw+uoAb3UAcfGAh4hld4c5Tz4rw7H/PWFSefOYI/cD5/AGMIjmw=</latexit>

t = t2

<latexit sha1_base64="IJmuKrymvFMayjjrJKojZk8O59c=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYk4mtZdOOyQl/QhDCZTtqhk4czN0IJ2fgrblwo4tbPcOffOG2z0NYDFw7n3Mu99/iJ4Aos69tYWl5ZXVsvbZQ3t7Z3ds29/baKU0lZi8Yill2fKCZ4xFrAQbBuIhkJfcE6/uh24ncemVQ8jpowTpgbkkHEA04JaMkzD5teBp6dO8BFn+GHqqP4ICSnnlmxatYUeJHYBamgAg3P/HL6MU1DFgEVRKmebSXgZkQCp4LlZSdVLCF0RAasp2lEQqbcbPpAjk+00sdBLHVFgKfq74mMhEqNQ193hgSGat6biP95vRSCazfjUZICi+hsUZAKDDGepIH7XDIKYqwJoZLrWzEdEkko6MzKOgR7/uVF0j6r2Ze1i/vzSv2miKOEjtAxqiIbXaE6ukMN1EIU5egZvaI348l4Md6Nj1nrklHMHKA/MD5/AP3glgc=</latexit>

Tt1 q̃(�)

<latexit sha1_base64="XXbG+oIDqvbksm14zl7CtRupnz8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIr6WRTcuK/QFbQiTybQdOnk4cyOUkI2/4saFIm79DHf+jdM2C209cOHMOfcy9x4vFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y1uJ377kUnFo7AB45g5ARmEvM8pAS255kGl4abg2hnuARc+ww+nWD9PXLNsVa0p8CKxc1JGOequ+dXzI5oELAQqiFJd24rBSYkETgXLSr1EsZjQERmwrqYhCZhy0ukBGT7Wio/7kdQVAp6qvydSEig1DjzdGRAYqnlvIv7ndRPoXzspD+MEWEhnH/UTgSHCkzSwzyWjIMaaECq53hXTIZGEgs6spEOw509eJK2zqn1Zvbg/L9du8jiK6BAdoQqy0RWqoTtUR01EUYae0St6M56MF+Pd+Ji1Fox8Zh/9gfH5A3T0lQo=</latexit>

(Tt1 q̃, t1)

<latexit sha1_base64="SKcT8SXg0ydvE1Ki3QvZfcBrPYU=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBjW9suhKIblxXsA6ZDyaSZNjSZjElGKEM/w40LRdz6Ne78G9OHoKIHLhzOuZd77wliRpV2nA8rs7K6tr6R3cxtbe/s7uX3D9pKJBKTFhZMyG6AFGE0Ii1NNSPdWBLEA0Y6wfhq5nfuiVRURLd6EhOfo2FEQ4qRNpJ3Ae+KPUWHHJ328wXHrpbr1VINOrZbct1SZUHKdRe6tjNHASzR7OffewOBE04ijRlSynOdWPspkppiRqa5XqJIjPAYDYlnaIQ4UX46P3kKT4wygKGQpiIN5+r3iRRxpSY8MJ0c6ZH67c3Evzwv0WHNT2kUJ5pEeLEoTBjUAs7+hwMqCdZsYgjCkppbIR4hibA2KeVMCF+fwv9J+8x2z+3KTbnQuFzGkQVH4BgUgQuqoAGuQRO0AAYCPIAn8Gxp69F6sV4XrRlrOXMIfsB6+wR9aZDF</latexit>

= q(�)

<latexit sha1_base64="O7a64zTFTsv97eYNQvNqF8/Go+s=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiBEkGHaJCa5Bb14jGAWSIbQ0+lJmvQsdvcIIeQjvHhQxKvf482/sbMIKvqg4PFeFVX1vFhwpR3nw0qtrK6tb6Q3M1vbO7t72f2DpooSSVmDRiKSbY8oJnjIGpprwdqxZCTwBGt5o6uZ37pnUvEovNXjmLkBGYTc55RoI7Xyd2e6h0972Zxjl4vVcqGCHBsXMC6UFqRYxQjbzhw5WKLey753+xFNAhZqKohSHezE2p0QqTkVbJrpJorFhI7IgHUMDUnAlDuZnztFJ0bpIz+SpkKN5ur3iQkJlBoHnukMiB6q395M/MvrJNqvuBMexolmIV0s8hOBdIRmv6M+l4xqMTaEUMnNrYgOiSRUm4QyJoSvT9H/pHlu4wu7dFPM1S6XcaThCI4hDxjKUINrqEMDKIzgAZ7g2YqtR+vFel20pqzlzCH8gPX2CXGLjwM=</latexit>

(q, t1)

<latexit sha1_base64="NhSVTHyhTg7WXZQ8gmU+lJT1Lhg=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoMQUYZpk5jkJnrxqJCYQAxDT6eTNPYsdtcIcQj+ihcPinj1P7z5N3YWQUUfFDzeq6KqnhdJocFxPqzUzOzc/EJ6MbO0vLK6ll3fuNRhrBivs1CGqulRzaUIeB0ESN6MFKe+J3nDuz4d+Y1brrQIgxoMIt72aS8QXcEoGMnNbuVrbgLu4fDmAFyC97Hhe24259jlYrVcqGDHJgVCCqUJKVYJJrYzRg5Nce5m3686IYt9HgCTVOsWcSJoJ1SBYJIPM1ex5hFl17THW4YG1Oe6nYyvH+Jdo3RwN1SmAsBj9ftEQn2tB75nOn0Kff3bG4l/ea0YupV2IoIoBh6wyaJuLDGEeBQF7gjFGciBIZQpYW7FrE8VZWACy5gQvj7F/5PLQ5sc2aWLYu74ZBpHGm2jHZRHBJXRMTpD56iOGLpDD+gJPVv31qP1Yr1OWlPWdGYT/YD19glEKpPW</latexit>

(Tt2q, t1 + t2)

<latexit sha1_base64="gUi/48ycwmZEG7i4iv8tSnc19IQ=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0Wom5D0Ydtd0Y3LCn1BG8JkOmmHTiZxZlIooX/ixoUibv0Td/6N04egogcuHM65l3vv8WNGpbLtDyOzsbm1vZPdze3tHxwemccnHRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen6k5uF350SIWnEW2oWEzdEI04DipHSkmeaLS9VXnF+XxhIOgrRpWfmbatarldLNWhbTslxSpUVKdcd6Fj2EnmwRtMz3wfDCCch4QozJGXfsWPlpkgoihmZ5waJJDHCEzQifU05Col00+Xlc3ihlSEMIqGLK7hUv0+kKJRyFvq6M0RqLH97C/Evr5+ooOamlMeJIhyvFgUJgyqCixjgkAqCFZtpgrCg+laIx0ggrHRYOR3C16fwf9IpWs6VVbkr5xvX6ziy4AycgwJwQBU0wC1ogjbAYAoewBN4NlLj0XgxXletGWM9cwp+wHj7BFD5k3s=</latexit>

Tt2q(�)

Principle of least action
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Ph.D. thesis defence: Nonlocal Lagrangian formalism

Visually,
<latexit sha1_base64="MHYYQvP7X3Ri8MfGeQ0XuHMFlhQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsq9oHtUDJp2oZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy0eiBwOOdecu4JYikMuu6XU1haXlldK66XNja3tnfKu3tNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4OvNbj1wbEal7nMTcD+lQiYFgFK300A0pjoIgvZv2yhW36s5A/hIvJxXIUe+VP7v9iCUhV8gkNabjuTH6KdUomOTTUjcxPKZsTIe8Y6miITd+Oks8JUdW6ZNBpO1TSGbqz42UhsZMwsBOZgnNopeJ/3mdBAeXfipUnCBXbP7RIJEEI5KdT/pCc4ZyYgllWtishI2opgxtSSVbgrd48l/SPKl659Wz29NK7SqvowgHcAjH4MEF1OAG6tAABgqe4AVeHeM8O2/O+3y04OQ7+/ALzsc3wJ+Q/A==</latexit>R

<latexit sha1_base64="a9Zfh/RUl/3NU47z91SeSzJ8UXw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l0I7ipYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4LAkWs=</latexit>

K<latexit sha1_base64="hPex2QLTUfb7zEdV9tjGk3wAzf4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuscrt1euuFV3BvKXeDmpQI56r/zZ7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyZJU+CWNtSyGZqT8nMhoZM44C2xlRHJpFbyr+53VSDC/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/Hlv6R5UvXOq2d3p5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B05uNgw==</latexit>

t = 0

<latexit sha1_base64="f6j8kXUg6umQtpQ+eCD3PN9+19I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4tQ9OKxgmkLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPGiZONeM+i2WsWyE1XArFfRQoeSvRnEah5M1wdDf1m09cGxGrRxwnPIjoQIm+YBSt5OMNdr1uueJW3RnIMvFyUoEc9W75q9OLWRpxhUxSY9qem2CQUY2CST4pdVLDE8pGdMDblioacRNks2Mn5MQqPdKPtS2FZKb+nshoZMw4Cm1nRHFoFr2p+J/XTrF/HWRCJSlyxeaL+qkkGJPp56QnNGcox5ZQpoW9lbAh1ZShzadkQ/AWX14mjbOqd1m9eDiv1G7zOIpwBMdwCh5cQQ3uoQ4+MBDwDK/w5ijnxXl3PuatBSefOYQ/cD5/AGGEjms=</latexit>

t = t1

<latexit sha1_base64="b+ORmnBUqv4lUps0I1a+ZBxBdvU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kknx6yIUvXisYNpCG8pmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJv6zSeujUjUI45SHsS0r0QkGEUr+XiD3Wq3VHYr7gxkmXg5KUOOerf01eklLIu5QiapMW3PTTEYU42CST4pdjLDU8qGtM/blioacxOMZ8dOyKlVeiRKtC2FZKb+nhjT2JhRHNrOmOLALHpT8T+vnWF0HYyFSjPkis0XRZkkmJDp56QnNGcoR5ZQpoW9lbAB1ZShzadoQ/AWX14mjWrFu6xcPJyXa7d5HAU4hhM4Aw+uoAb3UAcfGAh4hld4c5Tz4rw7H/PWFSefOYI/cD5/AGMIjmw=</latexit>

t = t2

Static coordinates

<latexit sha1_base64="4Yvkcaau72wztEjcaYaM7lgv4ng=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEFqQk4mtZdOOygn1AE8pkMmmHzkzizEQooeCvuHGhiFu/w51/47TNQlsPXDiccy/33hMkjCrtON9WYWl5ZXWtuF7a2Nza3rF391oqTiUmTRyzWHYCpAijgjQ11Yx0EkkQDxhpB8Obid9+JFLRWNzrUUJ8jvqCRhQjbaSefVDxNGUhgQ8VT9E+R9UT6FR7dtmpOVPAReLmpAxyNHr2lxfGOOVEaMyQUl3XSbSfIakpZmRc8lJFEoSHqE+6hgrEifKz6fljeGyUEEaxNCU0nKq/JzLElRrxwHRypAdq3puI/3ndVEdXfkZFkmoi8GxRlDKoYzjJAoZUEqzZyBCEJTW3QjxAEmFtEiuZENz5lxdJ67TmXtTO787K9es8jiI4BEegAlxwCergFjRAE2CQgWfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AwOGUEQ==</latexit>

(q̃(�), 0)

<latexit sha1_base64="hfeLfZbMiL+xxedVQHW2XlqypqM=">AAACBXicdVDLSgNBEJz1bXxFPephMAgRZNkx0SS3oBePEYwKybLMzk7ikNmHM71CWHLx4q948aCIV//Bm3/j5CGoaEFDUdVNd5efSKHBcT6sqemZ2bn5hcXc0vLK6lp+feNCx6livMliGasrn2ouRcSbIEDyq0RxGvqSX/q9k6F/ecuVFnF0Dv2EuyHtRqIjGAUjefntcy8DjwyKbRAy4Pim2NaiG9K9fezsefmCY1fKtUqpih2blAgpHY5JuUYwsZ0RCmiChpd/bwcxS0MeAZNU6xZxEnAzqkAwyQe5dqp5QlmPdnnL0IiGXLvZ6IsB3jVKgDuxMhUBHqnfJzIaat0PfdMZUrjWv72h+JfXSqFTdTMRJSnwiI0XdVKJIcbDSHAgFGcg+4ZQpoS5FbNrqigDE1zOhPD1Kf6fXBzY5Mg+PCsX6seTOBbQFtpBRURQBdXRKWqgJmLoDj2gJ/Rs3VuP1ov1Om6dsiYzm+gHrLdPfouXTQ==</latexit>

Tt1(q̃(�), 0)

<latexit sha1_base64="HP0y2FyKwv+zPBjXoS8OvZGOtpo=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQUcqM+FoW3bisYB/QlpLJZNrQZGZM7ghl6MKNv+LGhSJu/Qh3/o1pOwutHriXwzn3ktzjxYJrcJwvK7ewuLS8kl8trK1vbG7Z2zsNHSWKsjqNRKRaHtFM8JDVgYNgrVgxIj3Bmt7wauI375nSPApvYRSzriT9kAecEjBSzy6WO8CFz/BduaN5X5JD6LkHR3jSe3bJqThT4L/EzUgJZaj17M+OH9FEshCoIFq3XSeGbkoUcCrYuNBJNIsJHZI+axsaEsl0N50eMcb7RvFxEClTIeCp+nMjJVLrkfTMpCQw0PPeRPzPaycQXHRTHsYJsJDOHgoSgSHCk0SwzxWjIEaGEKq4+SumA6IIBZNbwYTgzp/8lzSOK+5Z5fTmpFS9zOLIoyLaQ2XkonNURdeohuqIogf0hF7Qq/VoPVtv1vtsNGdlO7voF6yPb9xHllA=</latexit>

(q̃(� + t1), t1)

<latexit sha1_base64="gjo2gPAzPmj3HggLyEjPj27Gj1g=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUlDJTfC2LblxWsA/oDCWTybShmYfJHaEM/QA3/oobF4q49QPc+Tem7QjaeuDC4ZxzSe5xY8EVmOaXkVtYXFpeya8W1tY3NreK2ztNFSWSsgaNRCTbLlFM8JA1gINg7VgyEriCtdzB1dhv3TOpeBTewjBmTkB6Ifc5JaClbrFUtoELj+G7sq14LyBH0LX0VA+P8Q/TKbNiToDniZWREspQ7xY/bS+iScBCoIIo1bHMGJyUSOBUsFHBThSLCR2QHutoGpKAKSedHDPCB1rxsB9JPSHgifp7IyWBUsPA1cmAQF/NemPxP6+TgH/hpDyME2AhnT7kJwJDhMfNYI9LRkEMNSFUcv1XTPtEEgq6v4IuwZo9eZ40qxXrrHJ6c1KqXWZ15NEe2kdlZKFzVEPXqI4aiKIH9IRe0KvxaDwbb8b7NJozsp1d9AfGxzfvDpkA</latexit>

(q̃(� + t1 + t2), t1 + t2)

<latexit sha1_base64="jFAKDeZBtwyNr1ZtX+LISES/n2g="></latexit>

Tt1+t2(q̃(�), 0)

<latexit sha1_base64="Q2oBYWae3hxOTGbLwr5yWaa1W3s="></latexit>

q(�) = Ttq̃(�) = q̃(� + t)Recall:

<latexit sha1_base64="NhSVTHyhTg7WXZQ8gmU+lJT1Lhg=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoMQUYZpk5jkJnrxqJCYQAxDT6eTNPYsdtcIcQj+ihcPinj1P7z5N3YWQUUfFDzeq6KqnhdJocFxPqzUzOzc/EJ6MbO0vLK6ll3fuNRhrBivs1CGqulRzaUIeB0ESN6MFKe+J3nDuz4d+Y1brrQIgxoMIt72aS8QXcEoGMnNbuVrbgLu4fDmAFyC97Hhe24259jlYrVcqGDHJgVCCqUJKVYJJrYzRg5Nce5m3686IYt9HgCTVOsWcSJoJ1SBYJIPM1ex5hFl17THW4YG1Oe6nYyvH+Jdo3RwN1SmAsBj9ftEQn2tB75nOn0Kff3bG4l/ea0YupV2IoIoBh6wyaJuLDGEeBQF7gjFGciBIZQpYW7FrE8VZWACy5gQvj7F/5PLQ5sc2aWLYu74ZBpHGm2jHZRHBJXRMTpD56iOGLpDD+gJPVv31qP1Yr1OWlPWdGYT/YD19glEKpPW</latexit>

(Tt2q, t1 + t2)

<latexit sha1_base64="gUi/48ycwmZEG7i4iv8tSnc19IQ=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0Wom5D0Ydtd0Y3LCn1BG8JkOmmHTiZxZlIooX/ixoUibv0Td/6N04egogcuHM65l3vv8WNGpbLtDyOzsbm1vZPdze3tHxwemccnHRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen6k5uF350SIWnEW2oWEzdEI04DipHSkmeaLS9VXnF+XxhIOgrRpWfmbatarldLNWhbTslxSpUVKdcd6Fj2EnmwRtMz3wfDCCch4QozJGXfsWPlpkgoihmZ5waJJDHCEzQifU05Col00+Xlc3ihlSEMIqGLK7hUv0+kKJRyFvq6M0RqLH97C/Evr5+ooOamlMeJIhyvFgUJgyqCixjgkAqCFZtpgrCg+laIx0ggrHRYOR3C16fwf9IpWs6VVbkr5xvX6ziy4AycgwJwQBU0wC1ogjbAYAoewBN4NlLj0XgxXletGWM9cwp+wHj7BFD5k3s=</latexit>

Tt2q(�)

Principle of least action



19

• Therefore, going back again to the nonlocal Euler-Lagrange 
equations,  

Principle of least action Ph.D. thesis defence: Nonlocal Lagrangian formalism

where

We see that they are obtained in the context of static coordinantes, 
limited to trajectories 

starting at

<latexit sha1_base64="3s1PqMxaetQ3Gh3lKTcH6PpHawI=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahgpREfG2EohuXFewDmlAm00k7dCaJMxOxhP6KGxeKuPVH3Pk3Th8LbT1w4XDOvdx7T5BwprTjfFu5peWV1bX8emFjc2t7x94tNlScSkLrJOaxbAVYUc4iWtdMc9pKJMUi4LQZDG7GfvORSsXi6F4PE+oL3ItYyAjWRurYRS9RrPxw7CnWE/gIXSGnY5ecijMBWiTujJRghlrH/vK6MUkFjTThWKm26yTaz7DUjHA6KnipogkmA9yjbUMjLKjys8ntI3RolC4KY2kq0mii/p7IsFBqKALTKbDuq3lvLP7ntVMdXvoZi5JU04hMF4UpRzpG4yBQl0lKNB8agolk5lZE+lhiok1cBROCO//yImmcVNzzytndaal6PYsjD/twAGVw4QKqcAs1qAOBJ3iGV3izRtaL9W59TFtz1mxmD/7A+vwB9eCTGQ==</latexit>

 (q,�) = 0
<latexit sha1_base64="nfLcdW+w4UodWUTRX8Avjs1rD6Y="></latexit>

�(q, t,�) :=
�L(Ttq, t)

�q(�)

<latexit sha1_base64="MovRCyIu0FFdLtcBW1DXS+c14Uk="></latexit>

 (q,�) :=

Z

R
dt�(q, t,�)

<latexit sha1_base64="Azu4RH9RKAzVqB20Tk5K1PMdI4E=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhgoRd8XUMehG8RMgLsmuYnUySIbOz60yvEJbcvPgrXjwo4tVf8ObfOEn2oNGChqKqm+4uPxJcg21/WZm5+YXFpexybmV1bX0jv7lV12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPLsd+454pzUNZhWHEvID0JO9ySsBI7fxusdoGfHcIBy6XbkCgT4lIrke3bqR4wNr5gl2yJ8B/iZOSAkpRaec/3U5I44BJoIJo3XLsCLyEKOBUsFHOjTWLCB2QHmsZKknAtJdM/hjhfaN0cDdUpiTgifpzIiGB1sPAN53jS/WsNxb/81oxdM+9hMsoBibpdFE3FhhCPA4Fd7hiFMTQEEIVN7di2ieKUDDR5UwIzuzLf0n9qOSclk5ujgvlizSOLNpBe6iIHHSGyugKVVANUfSAntALerUerWfrzXqftmasdGYb/YL18Q1lA5kN</latexit>

(Ttq, t) 2 K0 <latexit sha1_base64="N8gL0pyqkxLwY3ReFavlqaRR9Oo=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNkVv45FLx4ruG2hXUo2zbah2eyaZIWy9Dd48aCIV3+QN/+NabsHbX0w8Hhvhpl5QSK4No7zjZaWV1bX1gsbxc2t7Z3d0t5+Q8eposyjsYhVKyCaCS6ZZ7gRrJUoRqJAsGYwvJ34zSemNI/lgxklzI9IX/KQU2Ks5FUeT52TbqnsVJ0p8CJxc1KGHPVu6avTi2kaMWmoIFq3XScxfkaU4VSwcbGTapYQOiR91rZUkohpP5seO8bHVunhMFa2pMFT9fdERiKtR1FgOyNiBnrem4j/ee3UhNd+xmWSGibpbFGYCmxiPPkc97hi1IiRJYQqbm/FdEAUocbmU7QhuPMvL5LGWdW9rF7cn5drN3kcBTiEI6iAC1dQgzuogwcUODzDK7whiV7QO/qYtS6hfOYA/gB9/gB7Ro3U</latexit>

(q, 0)

From slide 10: 

<latexit sha1_base64="ITiZYZ/5x+dBC+iCYa8FlaVcsug="></latexit>

L(Ttq) = q(t)

Z

R
d�G(��)q(� + t)
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• Therefore, they should be better understood:  

Principle of least action Ph.D. thesis defence: Nonlocal Lagrangian formalism

with
<latexit sha1_base64="HV13sZXKer9Y5mCw7ujSm9XFUNA=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEnE10YounFZwT6gCWUymbRDZyZxZiKU0IUbf8WNC0Xc+hHu/BunbRbaeuDC4Zx7ufeeIGFUacf5thYWl5ZXVgtrxfWNza1te2e3qeJUYtLAMYtlO0CKMCpIQ1PNSDuRBPGAkVYwuB77rQciFY3FnR4mxOeoJ2hEMdJG6tolL1G04mnKQpLdj448RXscHcJL6MCuXXaqzgRwnrg5KYMc9a795YUxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhglhFEsTQkNJ+rviQxxpYY8MJ0c6b6a9cbif14n1dGFn1GRpJoIPF0UpQzqGI4TgSGVBGs2NARhSc2tEPeRRFib3IomBHf25XnSPK66Z9XT25Ny7SqPowBKYB9UgAvOQQ3cgDpoAAwewTN4BW/Wk/VivVsf09YFK5/ZA39gff4A6xiW+Q==</latexit>

 (q̃,�) = 0

• In moving coordinates, but

<latexit sha1_base64="JHhGD/Cdh/QszQI/OymeFGh9B3A=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQoZREfG2EohuXFewDmlAm02k7dDKJMzdCCQV/xY0LRdz6He78G6dtFtp64MLhnHu5954gFlyD43xbC4tLyyurubX8+sbm1ra9s1vXUaIoq9FIRKoZEM0El6wGHARrxoqRMBCsEQxuxn7jkSnNI3kPw5j5IelJ3uWUgJHa9r5X1bz4UIKSp3kvJMf4Cju4bRecsjMBniduRgooQ7Vtf3mdiCYhk0AF0brlOjH4KVHAqWCjvJdoFhM6ID3WMlSSkGk/nZw/wkdG6eBupExJwBP190RKQq2HYWA6QwJ9PeuNxf+8VgLdSz/lMk6ASTpd1E0EhgiPs8AdrhgFMTSEUMXNrZj2iSIUTGJ5E4I7+/I8qZ+U3fPy2d1poXKdxZFDB+gQFZGLLlAF3aIqqiGKUvSMXtGb9WS9WO/Wx7R1wcpm9tAfWJ8/aBGT1w==</latexit>

 (q, t,�) = 0 with

<latexit sha1_base64="W5L4GXYDVpypuLw/V2RoU375xI0="></latexit>

 (q, t,�) :=

Z

R
d⌧ 0

�L (T⌧ 0q, t+ ⌧ 0)

�q(�)

<latexit sha1_base64="Zh6kAAAoDE157iWrviMZ3UtEXHI=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4MQUcKMuB2DXjxGMAtkQujpVGKTniXdNYEw5OjFX/HiQRGvfoI3/8bOctDEBwWP96qoqudFUmi07W8rtbC4tLySXs2srW9sbmW3dyo6jBWHMg9lqGoe0yBFAGUUKKEWKWC+J6HqdW9GfrUPSoswuMdBBA2fdQLRFpyhkZrZfRd6sehTN9Ii76KQLUh6wxM8drXo+Oyomc3ZBXsMOk+cKcmRKUrN7JfbCnnsQ4BcMq3rjh1hI2EKBZcwzLixhojxLutA3dCA+aAbyfiRIT00Sou2Q2UqQDpWf08kzNd64Hum02f4oGe9kfifV4+xfdVIRBDFCAGfLGrHkmJIR6nQllDAUQ4MYVwJcyvlD0wxjia7jAnBmX15nlROC85F4fzuLFe8nsaRJnvkgOSJQy5JkdySEikTTh7JM3klb9aT9WK9Wx+T1pQ1ndklf2B9/gBrBpmZ</latexit>

⌘  (q̃, t+ �)

<latexit sha1_base64="eZFiUzdGnJ+nNwo903slp8pg9XA="></latexit>

 (q̃,�) :=

Z

R
dt�(q̃, t,�)

<latexit sha1_base64="znN9V/szMlo1B2rKsv2SRugi8Nk="></latexit>

�(q̃, t,�) :=
�L(Ttq̃, t)

�q̃(�)

<latexit sha1_base64="MnwvjShSMkVdPekjzhn4urj5fnM=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiB4GmZcYjwIQS8eI2SDZAg9PT1Jk56eSXdNIIR8hxcPinj1Y7z5N3YWwfVBweO9Kqrq+YngGhzn3cosLa+srmXXcxubW9s7+d29uo5TRVmNxiJWTZ9oJrhkNeAgWDNRjES+YA2/fzP1G0OmNI9lFUYJ8yLSlTzklICRvMFVtQNt4CJgeNDJFxz7tHhaci/xb+LazgwFtEClk39rBzFNIyaBCqJ1y3US8MZEAaeCTXLtVLOE0D7pspahkkRMe+PZ0RN8ZJQAh7EyJQHP1K8TYxJpPYp80xkR6Omf3lT8y2ulEJa8MZdJCkzS+aIwFRhiPE0AB1wxCmJkCKGKm1sx7RFFKJicciaEz0/x/6R+YrtF+/zurFC+XsSRRQfoEB0jF12gMrpFFVRDFA3QPXpET9bQerCerZd5a8ZazOyjb7BePwDgAJI0</latexit>

q = Ttq̃
<latexit sha1_base64="zzZybfSrz51dHBRxhB8K8U7ISiA=">AAAB+nicdVDJSgNBEO1xjXFL9OilMQgRZZgxGuMt6MVjhGyQhKGn00ma9PSM3TVKiPkULx4U8eqXePNv7CyC64OCx3tVVNXzI8E1OM67NTe/sLi0nFhJrq6tb2ym0ltVHcaKsgoNRajqPtFMcMkqwEGweqQYCXzBan7/YuzXbpjSPJRlGESsFZCu5B1OCRjJS6WzZa8JJMbXh3AwJvteKuPYuXyu4J7h38S1nQkyaIaSl3prtkMaB0wCFUTrhutE0BoSBZwKNko2Y80iQvukyxqGShIw3RpOTh/hPaO0cSdUpiTgifp1YkgCrQeBbzoDAj390xuLf3mNGDqF1pDLKAYm6XRRJxYYQjzOAbe5YhTEwBBCFTe3YtojilAwaSVNCJ+f4v9J9ch28/bJ1XGmeD6LI4F20C7KIhedoiK6RCVUQRTdonv0iJ6sO+vBerZepq1z1mxmG32D9foBQyiTZQ==</latexit>

(T⌧q, t+ ⌧)

why? I want my trajectory to start at
<latexit sha1_base64="ignNoRU7VUnbR5KqyZw9CQ2gtqw=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiBEkGHGJCa5Bb14jGAWSMbQ09NJmvQsdtcoYch/ePGgiFf/xZt/Y2cRVPRBweO9KqrquZHgCizrw0gtLa+srqXXMxubW9s72d29pgpjSVmDhiKUbZcoJnjAGsBBsHYkGfFdwVru6GLqt+6YVDwMrmEcMccng4D3OSWgpZt8F7jwGL49wXCMe9mcZZaL1XKhgi3TLth2oTQnxaqNbdOaIYcWqPey710vpLHPAqCCKNWxrQichEjgVLBJphsrFhE6IgPW0TQgPlNOMrt6go+04uF+KHUFgGfq94mE+EqNfVd3+gSG6rc3Ff/yOjH0K07CgygGFtD5on4sMIR4GgH2uGQUxFgTQiXXt2I6JJJQ0EFldAhfn+L/SfPUtM/M0lUxVztfxJFGB+gQ5ZGNyqiGLlEdNRBFEj2gJ/Rs3BuPxovxOm9NGYuZffQDxtsn8oyRhw==</latexit>

(q̃, t) and not at
<latexit sha1_base64="4IcbNsa3aC1H4EckzeNvMIg3+74=">AAAB9XicdVDLSgMxFM3UV62vqks3wSJUkGFiW9vuim5cVrAPaMeSyaRtaCYzJhmlDP0PNy4Uceu/uPNvTB+Cih64cDjnXu69x4s4U9pxPqzU0vLK6lp6PbOxubW9k93da6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG11M/dYdlYqF4lqPI+oGeCBYnxGsjXST72rGfQpvT6BzDHvZnGOXi9VyoQIdGxUQKpTmpFhFENnODDmwQL2Xfe/6IYkDKjThWKkOciLtJlhqRjidZLqxohEmIzygHUMFDqhyk9nVE3hkFB/2Q2lKaDhTv08kOFBqHHimM8B6qH57U/EvrxPrfsVNmIhiTQWZL+rHHOoQTiOAPpOUaD42BBPJzK2QDLHERJugMiaEr0/h/6R5aqMzu3RVzNXOF3GkwQE4BHmAQBnUwCWogwYgQIIH8ASerXvr0XqxXuetKWsxsw9+wHr7BIr0kUM=</latexit>

(q̃, 0)
<latexit sha1_base64="aUrhS8bDyoQdH1KcfKiBsgpIlDI=">AAAB/HicdVBNS0JBFJ1nX2Zflss2QxIYxeO91NSd1KZFCwNNQUXmjaMOzvto5r7gIfZX2rQoom0/pF3/pnlqUFEHLhzOuZd773ECwRVY1oeRWFpeWV1Lrqc2Nre2d9K7ezfKDyVlDeoLX7YcopjgHmsAB8FagWTEdQRrOuOL2G/eMam479UhCljXJUOPDzgloKVeOnOVq/c6QEJ8e4LhOGZHvXTWMkuFSilfxpZp5207X5yTQsXGtmnNkEUL1Hrp907fp6HLPKCCKNW2rQC6EyKBU8GmqU6oWEDomAxZW1OPuEx1J7Pjp/hQK3088KUuD/BM/T4xIa5SkevoTpfASP32YvEvrx3CoNydcC8IgXl0vmgQCgw+jpPAfS4ZBRFpQqjk+lZMR0QSCjqvlA7h61P8P7k5Ne0zs3hdyFbPF3Ek0T46QDlkoxKqoktUQw1EUYQe0BN6Nu6NR+PFeJ23JozFTAb9gPH2CR/ak9I=</latexit>

L(T⌧q, t+ ⌧)
<latexit sha1_base64="mf7pyPm5xFHqCpISlovghO2tJ68=">AAAB+nicdVDJSgNBEO1xjXGb6NFLYxAiyDBjEpPcgl48eIiQDZIh9HQ6SZOexe4aJcR8ihcPinj1S7z5N3YWQUUfFDzeq6KqnhcJrsC2P4yl5ZXVtfXERnJza3tn10zt1VUYS8pqNBShbHpEMcEDVgMOgjUjyYjvCdbwhhdTv3HLpOJhUIVRxFyf9APe45SAljpm6ipT7QBuAxddhm9O4Lhjpm2rkCsVskVsW07WcbL5OcmVHOxY9gxptEClY763uyGNfRYAFUSplmNH4I6JBE4FmyTbsWIRoUPSZy1NA+Iz5Y5np0/wkVa6uBdKXQHgmfp9Ykx8pUa+pzt9AgP125uKf3mtGHpFd8yDKAYW0PmiXiwwhHiaA+5yySiIkSaESq5vxXRAJKGg00rqEL4+xf+T+qnlnFn561y6fL6II4EO0CHKIAcVUBldogqqIYru0AN6Qs/GvfFovBiv89YlYzGzj37AePsE6XCTKQ==</latexit>

L(Ttq̃, t)

Notice that:
<latexit sha1_base64="YP+RvYAkv1OFASU1wcuBGCh/dE0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoUkoivjZC0Y3LCvYBTSiTyaQdOpmkMxOhhP6DG3/FjQtF3Lpx5984bYNo64ELh3Pu5d57vJhRqSzry8gtLC4tr+RXC2vrG5tb5vZOQ0aJwKSOIxaJlockYZSTuqKKkVYsCAo9Rppe/3rsN++JkDTid2oYEzdEXU4DipHSUsc8cmJJS46izCfpYFR2JO2G6BBeQqemjUHZ+pE6ZtGqWBPAeWJnpAgy1Drmp+NHOAkJV5ghKdu2FSs3RUJRzMio4CSSxAj3UZe0NeUoJNJNJz+N4IFWfBhEQhdXcKL+nkhRKOUw9HRniFRPznpj8T+vnajgwk0pjxNFOJ4uChIGVQTHAUGfCoIVG2qCsKD6Voh7SCCsdIwFHYI9+/I8aRxX7LPK6e1JsXqVxZEHe2AflIANzkEV3IAaqAMMHsATeAGvxqPxbLwZ79PWnJHN7II/MD6+AXdxnJ4=</latexit>

 (q̃,�) =  (q, 0,�)
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Principle of least action Ph.D. thesis defence: Nonlocal Lagrangian formalism

• The infinitesimal time generator   
<latexit sha1_base64="wSsvXpT5A2QvB7MGz3AsnsuQDmU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VRFy4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHj6Uw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZRoxhsskpFu+9RwKRRvoEDJ27HmNPQlb/nj68xvPXJtRKTucRLzXkiHSgSCUbTSQzekOPKD9GbaL1fcqjsD+Uu8nFQgR71f/uwOIpaEXCGT1JiO58bYS6lGwSSflrqJ4TFlYzrkHUsVDbnppbPEU3JklQEJIm2fQjJTf26kNDRmEvp2MktoFr1M/M/rJBhc9lKh4gS5YvOPgkQSjEh2PhkIzRnKiSWUaWGzEjaimjK0JZVsCd7iyX9J86TqnVfP7k4rtau8jiIcwCEcgwcXUINbqEMDGCh4ghd4dYzz7Lw57/PRgpPv7MMvOB/fsXWQ8g==</latexit>

D acts on them

• Indeed, the nonlocal Euler-Lagrange equations are stable under 
time evolution:

<latexit sha1_base64="g7KCFnXFKrlykqGZO97LeKOerg0=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoUMqM+NoIRV24rGAf0Cklk2ba0CQzJhmhDN268VfcuFDErX/gzr8x085CWw9cOJxzL/fe40eMKu0431ZuYXFpeSW/Wlhb39jcsrd3GiqMJSZ1HLJQtnykCKOC1DXVjLQiSRD3GWn6w6vUbz4QqWgo7vQoIh2O+oIGFCNtpK4NoceRHvhBcj2GXk3R0n1Zlz1F+xwdwgvodO2iU3EmgPPEzUgRZKh17S+vF+KYE6ExQ0q1XSfSnQRJTTEj44IXKxIhPER90jZUIE5UJ5l8MoYHRunBIJSmhIYT9fdEgrhSI+6bzvRsNeul4n9eO9bBeSehIoo1EXi6KIgZ1CFMY4E9KgnWbGQIwpKaWyEeIImwNuEVTAju7MvzpHFUcU8rJ7fHxeplFkce7IF9UAIuOANVcANqoA4weATP4BW8WU/Wi/VufUxbc1Y2swv+wPr8Abh5mG8=</latexit>

D (q, t,�) = 0or
<latexit sha1_base64="Dtvpv0elL37JqxZEHbYIgqbC2e0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQQUoivjZCURcuK9gHNKFMppN26GQSZyZCCfkCN/6KGxeKuHXtzr9x0mahrQcuHM65l3vv8SJGpbKsb6OwsLi0vFJcLa2tb2xumds7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o6vMbz8QIWnI79Q4Im6ABpz6FCOlpZ5ZgU6A1NDzk+vUiSStOoqyPknu00NH0kGADuAFtHpm2apZE8B5YuekDHI0euaX0w9xHBCuMENSdm0rUm6ChKKYkbTkxJJECI/QgHQ15Sgg0k0m76SwopU+9EOhiys4UX9PJCiQchx4ujO7Xc56mfif142Vf+4mlEexIhxPF/kxgyqEWTawTwXBio01QVhQfSvEQyQQVjrBkg7Bnn15nrSOavZp7eT2uFy/zOMogj2wD6rABmegDm5AAzQBBo/gGbyCN+PJeDHejY9pa8HIZ3bBHxifP/Wlm2c=</latexit>

D (q̃,�) = 0

<latexit sha1_base64="CHjiPzCzje/zpqcprMSsqewVziY=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQQUoivjZCURcuK9gHNKFMJpN26GQSZyZCCd278VfcuFDErT/gzr9x0mahrQcuHM65l3vv8WJGpbKsb6OwsLi0vFJcLa2tb2xumds7LRklApMmjlgkOh6ShFFOmooqRjqxICj0GGl7w6vMbz8QIWnE79QoJm6I+pwGFCOlpZ5ZdkKkBl6QXo+dWNKqoyjzCbw/dCTth+gAXsCeWbFq1gRwntg5qYAcjZ755fgRTkLCFWZIyq5txcpNkVAUMzIuOYkkMcJD1CddTTkKiXTTyS9juK8VHwaR0MUVnKi/J1IUSjkKPd2ZXS5nvUz8z+smKjh3U8rjRBGOp4uChEEVwSwY6FNBsGIjTRAWVN8K8QAJhJWOr6RDsGdfnieto5p9Wju5Pa7UL/M4imAPlEEV2OAM1MENaIAmwOARPINX8GY8GS/Gu/ExbS0Y+cwu+APj8wegy5oh</latexit>

D (q̃,�) =
<latexit sha1_base64="UaueOcbW+yLPufP0eRlVeQ/see8=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRKkhJxNuy6MZlBXuBJpTJdNIOnVycORFK6NqNr+LGhSJufQJ3vo2TNgtt/WHg4z/ncOb8Xiy4Asv6NgoLi0vLK8XV0tr6xuaWub3TVFEiKWvQSESy7RHFBA9ZAzgI1o4lI4EnWMsbXmf11gOTikfhHYxi5gakH3KfUwLa6pr72ImJBE5EFzQqXnGAix7D98eO4v2AHHXNslW1JsLzYOdQRrnqXfPL6UU0CVgIVBClOrYVg5tmW6hg45KTKBYTOiR91tEYkoApN52cMsaH2ulhP5L6hYAn7u+JlARKjQJPdwYEBmq2lpn/1ToJ+JduysM4ARbS6SI/ERginOWCe1wyCmKkgVDJ9V8xHRBJKOj0SjoEe/bkeWieVO3z6tntabl2lcdRRHvoAFWQjS5QDd2gOmogih7RM3pFb8aT8WK8Gx/T1oKRz+yiPzI+fwAjlpns</latexit>

@t (q̃,�)

<latexit sha1_base64="HzmqJxi/u1ZADS2SlVoTOFDmPCc=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQoZQZ8bURirpwWcG2QqeUTJppQ5PMmGSEMnThxl9x40IRt36EO//GTDsLbT1w4XDOvdx7jx8xqrTjfFu5hcWl5ZX8amFtfWNzy97eaaowlpg0cMhCeecjRRgVpKGpZuQukgRxn5GWP7xM/dYDkYqG4laPItLhqC9oQDHSRuraRY8jPfCD5Grs1RUt31d0xVO0z9HBedcuOVVnAjhP3IyUQIZ61/7yeiGOOREaM6RU23Ui3UmQ1BQzMi54sSIRwkPUJ21DBeJEdZLJE2O4b5QeDEJpSmg4UX9PJIgrNeK+6UxPVrNeKv7ntWMdnHUSKqJYE4Gni4KYQR3CNBHYo5JgzUaGICypuRXiAZIIa5NbwYTgzr48T5qHVfekenxzVKpdZHHkQRHsgTJwwSmogWtQBw2AwSN4Bq/gzXqyXqx362PamrOymV3wB9bnD8tpl40=</latexit>

D (q, t,�) =

<latexit sha1_base64="8xKBzeKoXfJLADg+1fAICj0wnqU="></latexit>
@ (T✏q, t+ ✏,�)

@✏

�

✏=0
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• Def: The extended dynamic space 
<latexit sha1_base64="GTGCxWCsWeXuI4wECZUUV780vUU=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1nUhcsK9gFNLJPpTTt0JgkzE7GE/IobF4q49Ufc+TdO2i60emDgcM693DMnSDhT2nG+rNLS8srqWnm9srG5tb1j71bbKk4lhRaNeSy7AVHAWQQtzTSHbiKBiIBDJxhfFX7nAaRicXSnJwn4ggwjFjJKtJH6dtUTRI8o4dl1fu8lkgno2zWn7kyB/xJ3Tmpojmbf/vQGMU0FRJpyolTPdRLtZ0RqRjnkFS9VkBA6JkPoGRoRAcrPptlzfGiUAQ5jaV6k8VT9uZERodREBGaySKoWvUL8z+ulOrzwMxYlqYaIzg6FKcc6xkUReMAkUM0nhhAqmcmK6YhIQrWpq2JKcBe//Je0j+vuWf309qTWuJzXUUb76AAdIRedowa6QU3UQhQ9oif0gl6t3Hq23qz32WjJmu/soV+wPr4BaMqUsg==</latexit>

D0is the class of all dynamic  
trajectories, namely, those   

<latexit sha1_base64="6j13gH/vjg6C2oHojjjuKklu+LI=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBEqSEnEr2PRi8cKpi20oWy2m3bpZhN3J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiu0XG+raXlldW19cJGcXNre2e3tLff0HGqKPNoLGLVCohmgkvmIUfBWoliJAoEawbD24nffGJK81g+4ChhfkT6koecEjSSV3k8xZNuqexUnSnsReLmpAw56t3SV6cX0zRiEqkgWrddJ0E/Iwo5FWxc7KSaJYQOSZ+1DZUkYtrPpseO7WOj9OwwVqYk2lP190RGIq1HUWA6I4IDPe9NxP+8dorhtZ9xmaTIJJ0tClNhY2xPPrd7XDGKYmQIoYqbW206IIpQNPkUTQju/MuLpHFWdS+rF/fn5dpNHkcBDuEIKuDCFdTgDurgAQUOz/AKb5a0Xqx362PWumTlMwfwB9bnD+Kajhg=</latexit>

(q, t) that satisfy the nonlocal
Euler-Lagrange equations.

• Obs: As a rule, there are no general theorems of existence and 
uniqueness for integrodifferential equations.

<latexit sha1_base64="yY15XHwDQAJO1B4JvDrcRlnsDfw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuLIn4WhZ1IbipYB/QxDKZ3rRDJw9mJkIJ/Qo3/oobF4q4FXf+jZM2irYeuHA4517uvceLOZPKsj6Nmdm5+YXFwlJxeWV1bd3c2KzLKBEUajTikWh6RAJnIdQUUxyasQASeBwaXv888xt3ICSLwhs1iMENSDdkPqNEaalt7jsBUT1KeHoxvHViwQLAjkw8CQr/WFffVtssWWVrBDxN7JyUUI5q2/xwOhFNAggV5UTKlm3Fyk2JUIxyGBadREJMaJ90oaVpSAKQbjp6a4h3tdLBfiR0hQqP1N8TKQmkHASe7swulZNeJv7ntRLln7opC+NEQUjHi/yEYxXhLCPcYQKo4gNNCBVM34ppjwhClU6yqEOwJ1+eJvWDsn1cPro+LFXO8jgKaBvtoD1koxNUQZeoimqIonv0iJ7Ri/FgPBmvxtu4dcbIZ7bQHxjvX400oEI=</latexit>

D0 ⇢ K0So,

Therefore, coordinating the dynamic space with the initial conditions  
will depend on the case.

• An alternative view of the nonlocal Euler-Lagrange equations:

They are the constraints (in implicit form) that define the extended 
dynamic space as a submanifold of the extended kinematic space.
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Ph.D. thesis defence: Nonlocal Lagrangian formalism

Nonlocal total derivative
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• Obs: It is well known that if the Lagrangian is total derivative, 
the EOMs are identities. 

• But, is it true for nonlocal ones?

• Let’s see it with an example. Consider:

To find the total derivative, we need to solve the following equation:

Indeed, a particular solution is:

Nonlocal total derivative Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="HF6qA3FGdanKx5BTJfIDB5kLNGA="></latexit>

L(Ttq̃, t) = ˙̃q(t) (G ⇤ q̃)(t)

<latexit sha1_base64="zoZ7ot9F/MRPCNbQEvyHKsaM6Pk=">AAACMnicbVDJSgNBFOyJW4xb1KOXxiBEkDAjbhch6EXBQ4RskAmhp6cnadKz2P1GCMN8kxe/RPCgB0W8+hF2lkNMLGgoqurR75UTCa7ANN+MzMLi0vJKdjW3tr6xuZXf3qmrMJaU1WgoQtl0iGKCB6wGHARrRpIR3xGs4fSvh37jkUnFw6AKg4i1fdINuMcpAS118rd3xWoHsA1cuCx5SI8wHOJLbHuS0MT2CfSkn7gpbszH0mkf0k6+YJbMEfA8sSakgCaodPIvthvS2GcBUEGUallmBO2ESOBUsDRnx4pFhPZJl7U0DYjPVDsZnZziA6242AulfgHgkTo9kRBfqYHv6ORwSTXrDcX/vFYM3kU74UEUAwvo+CMvFhhCPOwPu1wyCmKgCaGS610x7RHdFuiWc7oEa/bkeVI/LllnpdP7k0L5alJHFu2hfVREFjpHZXSDKqiGKHpCr+gDfRrPxrvxZXyPoxljMrOL/sD4+QUY+qor</latexit>

L(Ttq̃, t) =
dW (Ttq̃, t)

dt

The kernel of the integral 
operator vanishes at 

<latexit sha1_base64="FoAdlkiU7wYt7GWuSeirmga0yZA=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiTia1l047KCfUAbymQ6aYdOJmHmRg1pwV9x40IRt36HO//GaZuFth64cDjnXu69x48F1+A439bC4tLyymphrbi+sbm1be/s1nWUKMpqNBKRavpEM8ElqwEHwZqxYiT0BWv4g+ux37hnSvNI3kEaMy8kPckDTgkYqWPvDx+HbcV7fSBKRQ+4zWUAaccuOWVnAjxP3JyUUI5qx/5qdyOahEwCFUTrluvE4GVEAaeCjYrtRLOY0AHpsZahkoRMe9nk/BE+MkoXB5EyJQFP1N8TGQm1TkPfdIYE+nrWG4v/ea0Egksv4zJOgEk6XRQkAkOEx1ngLleMgkgNIVRxcyumfaIIBZNY0YTgzr48T+onZfe8fHZ7Wqpc5XEU0AE6RMfIRReogm5QFdUQRRl6Rq/ozXqyXqx362PaumDlM3voD6zPHyTglkI=</latexit>

|x| ! 1

<latexit sha1_base64="cOqOZQqPnlDfZqH7jmr0BB3jB/s="></latexit>

W (Ttq̃, t) =

Z

R
d� [✓(�)� ✓(� � t)]L(T� q̃,�)
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• The nonlocal action integral is
<latexit sha1_base64="tkPfdGJ2Db7jg0CAzonHEw5MLQY="></latexit>

S(q̃, R) =

Z

|t|R
dt

Z

R
d⌧ ˙̃q(t) q̃(⌧)G(t� ⌧)

whose nonlocal Euler-Lagrange equations are

with
Therefore, only the odd part of the kernel matters:

<latexit sha1_base64="HjYnvKFpVUepMDluut5ZZUyqBw4=">AAACCHicbVDLSgMxFM34rPU16tKFwSK0i5YZ8bURii50WcE+oB1KJs20oZkHyR2hDF268VfcuFDErZ/gzr8x085CWw8ETs659yb3uJHgCizr21hYXFpeWc2t5dc3Nre2zZ3dhgpjSVmdhiKULZcoJnjA6sBBsFYkGfFdwZru8Dr1mw9MKh4G9zCKmOOTfsA9TgloqWsedHoh4JsilDtA4hK+xJmQXstQ6poFq2JNgOeJnZECylDrml96AI19FgAVRKm2bUXgJEQCp4KN851YsYjQIemztqYB8ZlykskiY3yklR72QqlPAHii/u5IiK/UyHd1pU9goGa9VPzPa8fgXTgJD6IYWECnD3mxwBDiNBXc45JRECNNCJVc/xXTAZGEgs4ur0OwZ1eeJ43jin1WOb07KVSvsjhyaB8doiKy0TmqoltUQ3VE0SN6Rq/ozXgyXox342NaumBkPXvoD4zPH2EMl6w=</latexit>

Ġ(t� ⌧) = Ġ(⌧ � t)
<latexit sha1_base64="IY3ZPyEVtQfB1sp++5X3fjGVcfY=">AAACAHicbZC7SgNBFIZn4y3G26qFhc1gEJIiYVe8NULQIpYRjAkkS5idzCZDZi/MnBXCksZXsbFQxNbHsPNtnE220MQfBj7+cw5nzu9GgiuwrG8jt7S8srqWXy9sbG5t75i7ew8qjCVlTRqKULZdopjgAWsCB8HakWTEdwVruaObtN56ZFLxMLiHccQcnwwC7nFKQFs986BegkoXSFzGV7iC66WUK1DumUWrak2FF8HOoIgyNXrmV7cf0thnAVBBlOrYVgROQiRwKtik0I0ViwgdkQHraAyIz5STTA+Y4GPt9LEXSv0CwFP390RCfKXGvqs7fQJDNV9Lzf9qnRi8SyfhQRQDC+hskRcLDCFO08B9LhkFMdZAqOT6r5gOiSQUdGYFHYI9f/IiPJxU7fPq2d1psXadxZFHh+gIlZCNLlAN3aIGaiKKJugZvaI348l4Md6Nj1lrzshm9tEfGZ8/B+eUIw==</latexit>

G(t� ⌧) = �G(⌧ � t)or

It’s an odd function!

Nonlocal total derivative Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="vAK8SNVVjVo9hWaFP3ex+lBoY+c=">AAACEXicbVDLSgMxFM3UV62vUZdugkWoFMuM+NoIRRe6rGAf0A5DJs20oZnMkGTEMvYX3Pgrblwo4tadO//GtB1FWw8EDufcw809XsSoVJb1aWRmZufmF7KLuaXlldU1c32jJsNYYFLFIQtFw0OSMMpJVVHFSCMSBAUeI3Wvdz706zdESBrya9WPiBOgDqc+xUhpyTULrXao4EXhdtdN7tziAJ7CHwUWv/mets28VbJGgNPETkkepKi45ocO4zggXGGGpGzaVqScBAlFMSODXCuWJEK4hzqkqSlHAZFOMrpoAHe00oZ+KPTjCo7U34kEBVL2A09PBkh15aQ3FP/zmrHyT5yE8ihWhOPxIj9mUIVwWA9sU0GwYn1NEBZU/xXiLhIIK11iTpdgT548TWr7JfuodHh1kC+fpXVkwRbYBgVgg2NQBpegAqoAg3vwCJ7Bi/FgPBmvxtt4NGOkmU3wB8b7F1ogmjA=</latexit>

Ġ(x)|+ = Ġ(x) + Ġ(�x)

<latexit sha1_base64="6zRm+VTuf9FFwM8PEawaXVcmZHM="></latexit>

 (q̃,�) ⌘ (Ġ|+ ⇤ q̃)(�) = 0
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Now, we compute
<latexit sha1_base64="j85sFRrHrFImtgJnuDSw0lVE85s="></latexit>

W (Ttq̃, t) =q̃(t) (G ⇤ q̃)(t)

�
Z

R2

d⇢ d� [✓(⇢)� ✓(⇢� t)] Ġ(⇢� �) q̃(⇢) q̃(�)

To check if the nonlocal Euler-Lagrange equation vanish,
<latexit sha1_base64="XB6gMMJx+x6597SvXrr6cB2RlJE="></latexit>

�L(Ttq̃, t)

�q̃(�)
= �̇(t� �) (G ⇤ q̃)(t) + ˙̃q(t)G(t� �)

then <latexit sha1_base64="DKApLCVcb4+u5X1vJCydW4RGZsQ="></latexit>

 (q̃,�) = �(Ġ ⇤ q̃)(�) +
Z

R
dt ˙̃q(t)G(t� �)

=

Z

R
dt ˙̃q(t) [G(t� �)�G(� � t)]

<latexit sha1_base64="ODSBIM86FZSUboQYuw0xJhuH5NM=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZLS1mZXdOOygn1AG8pkOmlHJzNxZiKU0H9w40IRt/6PO//GSRtBRQ9cOJxzL/feE8SMKu04H1ZhZXVtfaO4Wdra3tndK+8fdJVIJCYdLJiQ/QApwignHU01I/1YEhQFjPSC24vM790Tqajg13oWEz9CE05DipE2UnfIyR10RuWKY3vNulfzoGM7C2Sk7lVrDejmSgXkaI/K78OxwElEuMYMKTVwnVj7KZKaYkbmpWGiSIzwLZqQgaEcRUT56eLaOTwxyhiGQpriGi7U7xMpipSaRYHpjJCeqt9eJv7lDRIdNv2U8jjRhOPlojBhUAuYvQ7HVBKs2cwQhCU1t0I8RRJhbQIqmRC+PoX/k27Vdht2/apWaZ3ncRTBETgGp8AFZ6AFLkEbdAAGN+ABPIFnS1iP1ov1umwtWPnMIfgB6+0TR72O9g==</latexit>

6= 0 !!!!

because the kernel is not an even function!

The nonlocal Euler-Lagrange equations are not identically zero!

Ph.D. thesis defence: Nonlocal Lagrangian formalismNonlocal total derivative
<latexit sha1_base64="adK9hYw3i3Icxm0CeQrAbgoJ2tc="></latexit>

L(Ttq̃, t) =
dW (Ttq̃, t)

dt
Recall:
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What condition does the non-local total derivative need to 
satisfy to remain the EOMs unchanged?

• Let us search a sufficient condition on                    

• The family action integrals are

Nonlocal total derivative Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="aZTvtSpBop08iq5o7P4BJz2gurs=">AAAB+nicbVDLSsNAFJ34rPWV6tJNsAgVpCTia1l047JCX9CGMJlM2qGTSZy5UUrsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv997jJ5wpsO1vY2l5ZXVtvbBR3Nza3tk1S3stFaeS0CaJeSw7PlaUM0GbwIDTTiIpjnxO2/7wZuK3H6hULBYNGCXUjXBfsJARDFryzFK70vCgB4wHNLsfn8CxZ5btqj2FtUicnJRRjrpnfvWCmKQRFUA4Vqrr2Am4GZbACKfjYi9VNMFkiPu0q6nAEVVuNj19bB1pJbDCWOoSYE3V3xMZjpQaRb7ujDAM1Lw3Ef/zuimEV27GRJICFWS2KEy5BbE1ycEKmKQE+EgTTCTTt1pkgCUmoNMq6hCc+ZcXSeu06lxUz+/OyrXrPI4COkCHqIIcdIlq6BbVURMR9Iie0St6M56MF+Pd+Ji1Lhn5zD76A+PzB69Ak6U=</latexit>

W (Ttq̃, t)

<latexit sha1_base64="1//VcWozW10AYDeoUZxcSAgfP3Y="></latexit>

S(q̃, R) =

Z

|t|R
dt L(Ttq̃, t)

<latexit sha1_base64="z44JMlqiqxj7WAMgOY0h4EPbIBo="></latexit>

=

Z

|t|R
dt

dW (Ttq̃, t)

dt

<latexit sha1_base64="eSY8eulmI5cH2R3nB/lY9XNwDCs=">AAACFXicbZDLSsNAFIYn9VbrrerSzWARWmhLIt42QtGNyxp6gzaEyWTSDp1cnJkIJfQl3Pgqblwo4lZw59s4TQtq6w8DP985hzPndyJGhdT1Ly2ztLyyupZdz21sbm3v5Hf3WiKMOSZNHLKQdxwkCKMBaUoqGelEnCDfYaTtDK8n9fY94YKGQUOOImL5qB9Qj2IkFbLz5UvYLjZsE/YkZS6Bd2WzBCspSyrm+AfDilmy8wW9qqeCi8aYmQKYqW7nP3tuiGOfBBIzJETX0CNpJYhLihkZ53qxIBHCQ9QnXWUD5BNhJelVY3ikiAu9kKsXSJjS3xMJ8oUY+Y7q9JEciPnaBP5X68bSu7ASGkSxJAGeLvJiBmUIJxFBl3KCJRspgzCn6q8QDxBHWKogcyoEY/7kRdM6rhpn1dPbk0LtahZHFhyAQ1AEBjgHNXAD6qAJMHgAT+AFvGqP2rP2pr1PWzPabGYf/JH28Q1o15s9</latexit>

= W (TRq̃, R)�W (T�Rq̃,�R)
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• The variational principle yields the following equations

• So, a sufficient condition is:

• Obs: if it is a Noether symmetry:  

but with                    

<latexit sha1_base64="cfj+j+8m4jLl/ieKkkPModeg9C0="></latexit>

 (q̃,�) = lim
R!1

�S(q̃, R)

�q̃(�)
<latexit sha1_base64="yBvtzjYyPfoU/RHGruv67nUou3M="></latexit>

= lim
R!1


�W (TRq̃, R)

�q̃(�)
� �W (T�Rq̃,�R)

�q̃(�)

�
⌘ 0

<latexit sha1_base64="S4QMSkhG8WHmOjLREMhgJ0nEHa8="></latexit>

lim
R!±1

�W (TRq̃, R)

�q̃(�)
= 0

<latexit sha1_base64="njGoSizXH4LpQMtU/2E655vDSws=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQFCTPiBiIEvXjwECExQiaEnp4abdKz2F0jhGE+xou/4sWDCx68+C12lkNcHhQ83quiqp6XSKHRtj+ticmp6ZnZwlxxfmFxabm0snql41RxaPBYxuraYxqkiKCBAiVcJwpY6Eloet2zvt+8B6VFHNWxl0A7ZDeRCARnaKRO6dj1QSKjF/SEuoFiPHNDhrcqzPy8uVXvIHVRSB+yu3wHt/MxF/NOqWxX7AHoX+KMSJmMUOuU3lw/5mkIEXLJtG45doLtjCkUXEJedFMNCeNddgMtQyMWgm5ngydzumkUnwaxMhUhHajjExkLte6Fnuns36h/e33xP6+VYnDUzkSUpAgRHy4KUkkxpv3EqC8UcJQ9QxhXwtxK+S0zUaHJtWhCcH6//Jdc7Vacg8r+5V65ejqKo0DWyQbZIg45JFVyTmqkQTh5IE/khbxaj9az9W59DFsnrNHMGvkB6+sbwnOllg==</latexit>

�L =
dW (Ttq̃, t)

dt
<latexit sha1_base64="2gjYfGWGOg75Gu37IvvpcYgJZyE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUoivpZFNy4r9AVtCJPJpB06eThzI5bQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r3HSwRXYFnfRmFldW19o7hZ2tre2d0z98ttFaeSshaNRSy7HlFM8Ii1gINg3UQyEnqCdbzR7dTvPDKpeBw1YZwwJySDiAecEtCSa5Y71aYLuA9c+Cx7mJzCiWtWrJo1A14mdk4qKEfDNb/6fkzTkEVABVGqZ1sJOBmRwKlgk1I/VSwhdEQGrKdpREKmnGx2+wQfa8XHQSx1RYBn6u+JjIRKjUNPd4YEhmrRm4r/eb0Ugmsn41GSAovofFGQCgwxngaBfS4ZBTHWhFDJ9a2YDokkFHRcJR2CvfjyMmmf1ezL2sX9eaV+k8dRRIfoCFWRja5QHd2hBmohip7QM3pFb8bEeDHejY95a8HIZw7QHxifPwgYk88=</latexit>

W (Ttq̃, t)

Nonlocal total derivative Ph.D. thesis defence: Nonlocal Lagrangian formalism

satisfying this condition.
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Ph.D. thesis defence: Nonlocal Lagrangian formalism

Noether’s theorem
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Noether’s theorem 

 Noether’s Theorem for nonlocal Lagrangians

• Consider the infinitesimal transformations:

The nonlocal Lagrangian will transform so that it leaves the 
nonlocal action integral invariant, namely,

Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="1do57wdouChJr9JczZaih91KGhs=">AAACBnicbVDJSgNBEO2JW4zbqEcRGoMQEcKMuF2EoBePEcwCSQw9PTVJk56F7hohhJy8+CtePCji1W/w5t/YWQ4afVDweK+KqnpeIoVGx/myMnPzC4tL2eXcyura+oa9uVXVcao4VHgsY1X3mAYpIqigQAn1RAELPQk1r3c18mv3oLSIo1vsJ9AKWScSgeAMjdS2d/GumSgRQgEP6AVFekibPkhkFI3StvNO0RmD/iXulOTJFOW2/dn0Y56GECGXTOuG6yTYGjCFgksY5pqphoTxHutAw9CIhaBbg/EbQ7pvFJ8GsTIVIR2rPycGLNS6H3qmM2TY1bPeSPzPa6QYnLcGIkpShIhPFgWppBjTUSbUFwo4yr4hjCthbqW8yxTjaJLLmRDc2Zf/kupR0T0tntwc50uX0ziyZIfskQJxyRkpkWtSJhXCyQN5Ii/k1Xq0nq03633SmrGmM9vkF6yPbyYUlwI=</latexit>

t0(t) = t+ �t(t) and
<latexit sha1_base64="0ZCfuzKuTNF/DRuN9Bn8pkkzdOA=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAIilBmxBuCUHTjsoJthU4tmcypDc1cTM4IZei7uPFV3LhQihsXvovpBdHWHwJ/vnMOyfm9WAqNtv1pZWZm5+YXsou5peWV1bX8+kZVR4niUOGRjNStxzRIEUIFBUq4jRWwwJNQ8zqXg3rtEZQWUXiD3RgaAbsPRUtwhgY182cuCulD+tC7S91YiQB6u7hHz+kPH1z3qeuDRPaHNvMFu2gPRaeNMzYFMla5me+7fsSTAELkkmldd+wYGylTKLiEXs5NNMSMd9g91I0NWQC6kQ537NEdQ3zaipQ5IdIh/T2RskDrbuCZzoBhW0/WBvC/Wj3B1mkjFWGcIIR89FArkRQjOgiM+kIBR9k1hnElzF8pbzPFOJpYcyYEZ3LlaVM9KDrHxaPrw0LpYhxHlmyRbbJLHHJCSuSKlEmFcPJEXsgbebeerVerb32MWjPWeGaT/JH19Q1O6aQK</latexit>

q̃0(t) = q̃(t) + �q̃(t)

<latexit sha1_base64="JQcvghsyO5ppU4xlsjbOHWxkYIw="></latexit>

L0(Tt0 q̃
0, t0) =

����
dt

dt0

����L(Ttq̃, t)

Thus, if 
<latexit sha1_base64="bnBD56xIXvHkyecHn+yDzmKo65I=">AAAB8HicbVDLSsNAFJ34rPVVdelmsAgupCTia1l047KCfUgawmQ6aYfOTMLMjVBCv8KNC0Xc+jnu/BunbRbaeuDC4Zx7ufeeKBXcgOt+O0vLK6tr66WN8ubW9s5uZW+/ZZJMU9akiUh0JyKGCa5YEzgI1kk1IzISrB0Nbyd++4lpwxP1AKOUBZL0FY85JWClRx9C9xRCLwgrVbfmToEXiVeQKirQCCtf3V5CM8kUUEGM8T03hSAnGjgVbFzuZoalhA5Jn/mWKiKZCfLpwWN8bJUejhNtSwGeqr8nciKNGcnIdkoCAzPvTcT/PD+D+DrIuUozYIrOFsWZwJDgyfe4xzWjIEaWEKq5vRXTAdGEgs2obEPw5l9eJK2zmndZu7g/r9ZvijhK6BAdoRPkoStUR3eogZqIIome0St6c7Tz4rw7H7PWJaeYOUB/4Hz+ANORj8k=</latexit>

[t0, t1] is a time interval and 
<latexit sha1_base64="knKlXrpjmtzf7x9VepgtPn3IhBk=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEVxIScTbsujGZQV7gTaGyXTSDp2ZhJkToYRufBU3LhRx62O4822ctkG09YeBj/+cw5nzhwlnGlz3yyosLC4trxRXS2vrG5tb9vZOQ8epIrROYh6rVog15UzSOjDgtJUoikXIaTMcXI/rzQeqNIvlHQwT6gvckyxiBIOxAnuvDfedRDFBA/f4Bz0/sMtuxZ3ImQcvhzLKVQvsz043JqmgEgjHWrc9NwE/wwoY4XRU6qSaJpgMcI+2DUosqPazyQEj59A4XSeKlXkSnIn7eyLDQuuhCE2nwNDXs7Wx+V+tnUJ06WdMJilQSaaLopQ7EDvjNJwuU5QAHxrARDHzV4f0scIETGYlE4I3e/I8NE4q3nnl7Pa0XL3K4yiifXSAjpCHLlAV3aAaqiOCRugJvaBX69F6tt6s92lrwcpndtEfWR/fQ0SWNA==</latexit>

[t00, t
0
1] is the transformed one,

<latexit sha1_base64="A6PJvZMIpSxQsViVLUQLQAAXX3I="></latexit>Z t01

t00

dt0 L0(Tt0 q̃
0, t0) =

Z t1

t0

dt L(Ttq̃, t)
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Noether’s theorem 

• As

where the dummy variable

Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="STTNHuZP4CYX/JnYpF282Y6qcxc=">AAACMnicbZBNS0JBFIbn2pfZl9WyzZAEBSL3Rl+bQGpTO8PUQE3mjkcbmvvRzLmBXPxNbfolQYtaFNG2H9GoF7LswMDD+57DmfO6oRQabfvFSk1Nz8zOpeczC4tLyyvZ1bWqDiLFocIDGagrl2mQwocKCpRwFSpgniuh5t6eDvzaPSgtAv8SeyE0Pdb1RUdwhkZqZc/L141QCQ+2GyhkG+K7fiLkKSbUssfY2aHHtPzTnUdjo5Fb2ZxdsIdFJ8FJIEeSKrWyT412wCMPfOSSaV137BCbMVMouIR+phFpCBm/ZV2oG/SZB7oZD0/u0y2jtGknUOb5SIfq+ETMPK17nms6PYY3+q83EP/z6hF2jpqx8MMIweejRZ1IUgzoID/aFgo4yp4BxpUwf6X8hinG0aScMSE4f0+ehOpuwTko7F/s5YonSRxpskE2yTZxyCEpkjNSIhXCyQN5Jm/k3Xq0Xq0P63PUmrKSmXXyq6yvbxBJqVw=</latexit>

S0(q̃0, t00, t
0
1) = S(q̃, t0, t1)

<latexit sha1_base64="txRBlSd5BOHsexhEQ+6jKj55UHQ="></latexit>Z t01

t00

dt L0(Ttq̃
0, t)�

Z t1

t0

dt L(Ttq̃, t) = 0
<latexit sha1_base64="akCxyPWw36ztDY45WcDUoM6GCiA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZw+xkNhkyO7vO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3n7g2Ilb3OEq4H9G+EqFgFK3UwodOokXEu6WyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn03vHZNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOVnQiUpcsVmi8JUEozJ5HnSE5ozlCNLKNPC3krYgGrK0EZUtCF48y8vksZpxbuonN+dlavXeRwFOIQjOAEPLqEKt1CDOjCQ8Ayv8OY8Oi/Ou/Mxa11y8pkD+APn8wc/hpAf</latexit>

t0 is replaced with
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

• Given those infinitesimal transformations, the first integral can 
be approximated to the leading order as 

<latexit sha1_base64="jzz3QGlRUuoriWRTxfi6trdH7W4="></latexit>Z t01

t00

dt L0(Ttq̃
0, t) =

Z t1

t0

dt

⇢
L0(Ttq̃

0, t) +
d

dt
[L(Ttq̃, t)�t]

�

Therefore, 
<latexit sha1_base64="YFwZyNrHlyCMzWZqmwZqeExGqxA="></latexit>Z t1

t0

dt

⇢
L0(Ttq̃

0, t)� L(Ttq̃, t) +
d

dt
[L(Ttq̃, t)�t]

�
= 0

:
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where                

Therefore,

• We say that a transformation is a Noether symmetry if
<latexit sha1_base64="cPLnPyLkVYNXv4aup48tmlr2iwI="></latexit>

L0(Ttq̃
0, t) = L(Ttq̃

0, t) +
d

dt
W (Ttq̃

0, t)
<latexit sha1_base64="n/sqGUDRp1jKeAw8y1hPEG7TnRM=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhgoQZcTsGvXiMkA2SGHo6laRJz2J3jRCGgBd/xYsHRbz6E978GzvLQRMfFDzeq6KqnhdJodFxvq3UwuLS8kp6NbO2vrG5ZW/vVHQYKw5lHspQ1TymQYoAyihQQi1SwHxPQtXrX4/86gMoLcKghIMImj7rBqIjOEMjtey9aq7UQtpAIduQ3A/vGpESPhxTPGrZWSfvjEHniTslWTJFsWV/Ndohj30IkEumdd11ImwmTKHgEoaZRqwhYrzPulA3NGA+6GYy/mFID43Spp1QmQqQjtXfEwnztR74nun0Gfb0rDcS//PqMXYum4kIohgh4JNFnVhSDOkoENoWCjjKgSGMK2FupbzHFONoYsuYENzZl+dJ5STvnufPbk+zhatpHGmyTw5IjrjkghTIDSmSMuHkkTyTV/JmPVkv1rv1MWlNWdOZXfIH1ucP8SSXFg==</latexit>

W (Ttq̃
0, t) satisfies the previous asymptotic condition.

• These quantities become up to the leading order:

<latexit sha1_base64="w9AJKszwMvPU/g0xUHuiwnY95ho=">AAACAnicbVDJSgNBEO2JW4xb1JN4GQxCBAkz4nYRgl48eIiQDZI49PRUkiY9i901QhiCF3/FiwdFvPoV3vwbO8tBEx8UPN6roqqeGwmu0LK+jdTc/MLiUno5s7K6tr6R3dyqqjCWDCosFKGsu1SB4AFUkKOAeiSB+q6Amtu7Gvq1B5CKh0EZ+xG0fNoJeJszilpysjs3+bKDTeTCg+R+cNeMJPfhEA8unGzOKlgjmLPEnpAcmaDkZL+aXshiHwJkgirVsK0IWwmVyJmAQaYZK4go69EONDQNqA+qlYxeGJj7WvHMdih1BWiO1N8TCfWV6vuu7vQpdtW0NxT/8xoxts9bCQ+iGCFg40XtWJgYmsM8TI9LYCj6mlAmub7VZF0qKUOdWkaHYE+/PEuqRwX7tHBye5wrXk7iSJNdskfyxCZnpEiuSYlUCCOP5Jm8kjfjyXgx3o2PcWvKmMxskz8wPn8AseiW/g==</latexit>

L(Ttq̃
0, t) =

<latexit sha1_base64="R5mDYNjnhVugWfb/jZlOpxi6H9U=">AAACCHicdVDLSgMxFM34tr6qLl0YLIIilJnS1s5CEN24VLBVaGvJpLc2NPNockcoxaUbf8WNC0Xc+gnu/Bsz7QgqeiDk5Jx7ubnHi6TQaNsf1sTk1PTM7Nx8ZmFxaXklu7pW02GsOFR5KEN16TENUgRQRYESLiMFzPckXHi948S/uAGlRRic4yCCps+uA9ERnKGRWtnN/lUjUsKHHdylB7SfXHuNNkhko0crm7PzbqXkFl1q5+0RElJyC8UydVIlR1KctrLvjXbIYx8C5JJpXXfsCJtDplBwCbeZRqwhYrzHrqFuaMB80M3haJFbum2UNu2EypwA6Uj93jFkvtYD3zOVPsOu/u0l4l9ePcZOpTkUQRQjBHw8qBNLiiFNUqFtoYCjHBjCuBLmr5R3mWIcTXYZE8LXpvR/UivknXK+dFbMHR6lccyRDbJFdohD9skhOSGnpEo4uSMP5Ik8W/fWo/VivY5LJ6y0Z538gPX2CdV/l/g=</latexit>

q0(t) = q(t) + �q(t)

<latexit sha1_base64="5PWm+Pbd0YYC9SYceFJOsyv9itU=">AAACA3icdVDLSgMxFM34rPVVdaebYBEqlDJT2truim5cVrAP6Awlk0nb0MzD5I5QhoIbf8WNC0Xc+hPu/BvTh6CiBwKHc87l5h43ElyBaX4YS8srq2vrqY305tb2zm5mb7+lwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju6mPrtWyYVD4NrGEfM8ckg4H1OCWiplzm0hQ57JGcDFx7DN3nI24oPfHLay2TNQq1arpVq2CyYM0xJuVYsVbC1ULJogUYv8257IY19FgAVRKmuZUbgJEQCp4JN0nasWEToiAxYV9OA+Ew5yeyGCT7Riof7odQvADxTv08kxFdq7Ls66RMYqt/eVPzL68bQrzoJD6IYWEDni/qxwBDiaSHY45JREGNNCJVc/xXTIZGEgq4trUv4uhT/T1rFglUplK9K2fr5oo4UOkLHKIcsdIbq6BI1UBNRdIce0BN6Nu6NR+PFeJ1Hl4zFzAH6AePtEzVNl0U=</latexit>

�(q̃, t,�)
<latexit sha1_base64="ospBWD2+Lb3tir64rbbxywU/3i0="></latexit>

L(Ttq̃, t) +

Z

R
d�

�L(Ttq̃, t)

�q̃(�)
�q̃(�)

<latexit sha1_base64="STbrQ9m5IbH5zNk05hjQEtqy+hI=">AAACFHicbVDJSgNBEO2JW4xb1KOXxiBElDAjbhch6MVjhGyQxNDTqSRNeha7a4Qw5CO8+CtePCji1YM3/8bOcjCJDwoe71VRVc8NpdBo2z9WYmFxaXkluZpaW9/Y3Epv75R1ECkOJR7IQFVdpkEKH0ooUEI1VMA8V0LF7d0M/cojKC0Cv4j9EBoe6/iiLThDIzXTR5VssYl1FLIF8cPgvh4q4cExHl7RacdIzXTGztkj0HniTEiGTFBopr/rrYBHHvjIJdO65tghNmKmUHAJg1Q90hAy3mMdqBnqMw90Ix49NaAHRmnRdqBM+UhH6t+JmHla9z3XdHoMu3rWG4r/ebUI25eNWPhhhODz8aJ2JCkGdJgQbQkFHGXfEMaVMLdS3mWKcTQ5pkwIzuzL86R8knPOc2d3p5n89SSOJNkj+yRLHHJB8uSWFEiJcPJEXsgbebeerVfrw/octyasycwumYL19Qvx654j</latexit>

W (Ttq̃
0, t) = W (Ttq̃, t)

<latexit sha1_base64="jjEbPk4PQ4F/2knHQdymHaOuzhw="></latexit>

+

Z

R
d�

�W (Ttq̃, t)

�q̃(�)
�q̃(�)

Noether’s theorem Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="HcRK/oy1AtXlGNQR41fP2+1kD9U="></latexit>

L0(Ttq̃
0, t) = L(Ttq̃, t) +

d

dt
W (Ttq̃, t) +

Z

R
d��(q̃, t,�)�q̃(�)
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• Let us introduce the last equation into

• Thus,

<latexit sha1_base64="YFwZyNrHlyCMzWZqmwZqeExGqxA="></latexit>Z t1

t0

dt

⇢
L0(Ttq̃

0, t)� L(Ttq̃, t) +
d

dt
[L(Ttq̃, t)�t]

�
= 0

<latexit sha1_base64="d5o4kp0cB0NTS+iRnctVlTl/6qg="></latexit>Z t1

t0

dt

⇢Z

R
d��(q̃, t,�) �q̃(�) +

d

dt
[L(Ttq̃, t)�t+W (Ttq̃, t)]

�
= 0

<latexit sha1_base64="pzbsQQ9UgF1ZlCMg00nr/XAVq9s="></latexit>

=

Z t2

t1

dt

⇢
�L+

@L

@q
�q +

@L

�q̇
�q̇ +

d

dt
[L(q, q̇, t)�t]

�

Local case…

Crucial point! How do you get the boundary terms and EOMs? 

Recall: 
<latexit sha1_base64="04lxgwmqduN7SUbr6JrYJXYmCqs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREfG2EohuXFewDmlAmk0k7dGYSZyZCCQU3/oobF4q49Sfc+TdO2yy0euDC4Zx7ufeeIGFUacf5sgpz8wuLS8Xl0srq2vqGvbnVVHEqMWngmMWyHSBFGBWkoalmpJ1IgnjASCsYXI391j2RisbiVg8T4nPUEzSiGGkjde0dL1G04mnKQpLdjQ49RXscHVxAB3btslN1JoB/iZuTMshR79qfXhjjlBOhMUNKdVwn0X6GpKaYkVHJSxVJEB6gHukYKhAnys8mP4zgvlFCGMXSlNBwov6cyBBXasgD08mR7qtZbyz+53VSHZ37GRVJqonA00VRyqCO4TgQGFJJsGZDQxCW1NwKcR9JhLWJrWRCcGdf/kuaR1X3tHpyc1yuXeZxFMEu2AMV4IIzUAPXoA4aAIMH8ARewKv1aD1bb9b7tLVg5TPb4Besj2+MepbP</latexit>

 (q̃,�) = 0 with 
<latexit sha1_base64="Y/EHy1oYk6Wvl43ZUw2d3lYF8Fw="></latexit>

 (q̃,�) =

Z

R
dt�(q̃, t,�)

• Let us add and subtract

Ph.D. thesis defence: Nonlocal Lagrangian formalismNoether’s theorem 

<latexit sha1_base64="4AzdxNx/4GX/cGmIewkA8c8wSOw=">AAACDnicdZA9SwNBEIb3/DZ+RS1tFoOQgByXkERTCKKNpYJJhNwR9vYmyZK9D3fnhBD8BTb+FRsLRWyt7fw3bmICKvrCwsszM8zO6ydSaHScD2tmdm5+YXFpObOyura+kd3caug4VRzqPJaxuvKZBikiqKNACVeJAhb6Epp+/3RUb96A0iKOLnGQgBeybiQ6gjM0qJ3dO6JuokXeRSEDoNf7WKBuABIZnaI8FtrZnGPXDiu1co06tjPWyFRqpXKVFickRyY6b2ff3SDmaQgRcsm0bhWdBL0hUyi4hNuMm2pIGO+zLrSMjVgI2huOz7mle4YEtBMr8yKkY/p9YshCrQehbzpDhj39uzaCf9VaKXYOvaGIkhQh4l+LOqmkGNNRNjQQCjjKgTGMK2H+SnmPKcbRJJgxIUwvpf+bRskuVu3KRTl3fDKJY4nskF2SJ0VyQI7JGTkndcLJHXkgT+TZurcerRfr9at1xprMbJMfst4+Ael0msw=</latexit>

=  (q̃, t)�q̃(t)
<latexit sha1_base64="PyHc6RTBFtvZY3orq3bvwPRN/QU="></latexit>Z

R
d��(q̃,�, t)�q̃(t)
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• We obtain:

Ph.D. thesis defence: Nonlocal Lagrangian formalismNoether’s theorem 

<latexit sha1_base64="6k5NJq5CBCRVTetVE8AXj3gACg0="></latexit>Z t1

t0

dt

⇢
 (q̃, t)�q̃(t) +

d

dt
[L(Ttq̃, t)�t+W (Ttq̃, t)]

+

Z

R
d��(q̃, t,�)�q̃(�)�

Z

R
d��(q̃,�, t)�q̃(t)

�
= 0

Is there a way to link them?

• After  a suitable change of variable:
<latexit sha1_base64="7zPGeBeaJy4IYKmgjXmWtcfq4hQ="></latexit>Z

R
d⇠ [�(q̃, t, t+ ⇠) �q̃(t+ ⇠)� �(q̃, t� ⇠, t) �q̃(t)]

• Now, by using the following identity:
<latexit sha1_base64="yJmKv35vNKF0xThHf0dfkGaM+14="></latexit>

�(q̃, t, t+ ⇠) �q̃(t+ ⇠)� �(q̃, t� ⇠, t) �q̃(t) =

=

Z 1

0
d⌘

@

@⌘
[�(q̃, t+ (⌘ � 1)⇠, t+ ⌘⇠) �q̃(t+ ⌘⇠)]

= ⇠

Z 1

0
d⌘

@

@t
[�(q̃, t+ (⌘ � 1)⇠, t+ ⌘⇠) �q̃(t+ ⌘⇠)]
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• We find:

Ph.D. thesis defence: Nonlocal Lagrangian formalismNoether’s theorem 

<latexit sha1_base64="yLUljY8KZh86Txo/G0EjXq2MEHA="></latexit>Z t1

t0

dt

⇢
 (q̃, t)�q̃(t) +

d

dt
[L(Ttq̃, t)�t+W (Ttq̃, t) + U(Ttq̃, t)]

�
= 0

where
<latexit sha1_base64="ATo8IgsEOJxmKl1CNo1iDe/xk7Q="></latexit>

U(Ttq̃, t) :=

Z

R
d⇠ ⇠

Z 1

0
d⌘ �(q̃, t+ (⌘ � 1)⇠, t+ ⌘⇠) �q̃(t+ ⌘⇠)

. 

. 

.
(After a bit of algebra…)

<latexit sha1_base64="bMTe7iOc4uTek70dEzyJGXfLOcg="></latexit>

U(Ttq̃, t) =

Z

R
d⇢ �q̃(t+ ⇢)P (q̃, t, ⇢) with

<latexit sha1_base64="cV5MfsgZqFRBwn0KirGQU5nPEFs="></latexit>

P (q̃, t, ⇢) :=

Z

R
d⇣ [✓(⇢)� ✓(⇣)]

�L(Tt+⇣ q̃, t+ ⇣)

�q̃(t+ ⇢)

Using the analogy with the local case, this will be the 
Legendre transformation for nonlocal Lagrangians!
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Since the choice of the interval is completely arbitrary, we obtain:

• Noether’s identity:

• and Noether’s conserved quantity:

We have just extended Noether’s theorem for 
nonlocal Lagrangians.

<latexit sha1_base64="+ZhhV2n5KjN0J/OqO4qHWp4/Jqw="></latexit>

 (q̃, t) �q̃(t) +
d

dt
[L (Ttq̃, t) �t(t) +W (Ttq̃, t) + U(Ttq̃, t)] ⌘ 0

<latexit sha1_base64="BDx39mgo0s/0VnjUJHlbeD4L7Gg="></latexit>

J(Ttq̃, t) := L (Ttq̃, t) �t(t) +W (Ttq̃, t) + U(Ttq̃, t)

Of course:

<latexit sha1_base64="hsZOt4K/euqcvMaE5GpgwG/Hlfg="></latexit>

d

dt
J(Ttq̃, t)

����
 =0

= 0

Noether’s theorem Ph.D. thesis defence: Nonlocal Lagrangian formalism



37

Ph.D. thesis defence: Nonlocal Lagrangian formalism

NTH: Energy function
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• First of all, let us rewrite the Noether current in moving 
coordinates

Energy function Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="SFYxTf8NAlMrudYIolUYZFoIwb4=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRLxtRGKblxW6AvaECaTaTt0Mklnbgol9E/cuFDErX/izr9x2mahrQcuHM65l3vvCRLBNTjOt1VYW9/Y3Cpul3Z29/YP7MOjpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1g+DDzW2OmNI9lHSYJ8yLSl7zHKQEj+bY9wne47gPuAhchwyPfLjsVZw68StyclFGOmm9/dcOYphGTQAXRuuM6CXgZUcCpYNNSN9UsIXRI+qxjqCQR0142v3yKz4wS4l6sTEnAc/X3REYirSdRYDojAgO97M3E/7xOCr1bL+MySYFJuljUSwWGGM9iwCFXjIKYGEKo4uZWTAdEEQomrJIJwV1+eZU0LyrudeXq6bJcvc/jKKITdIrOkYtuUBU9ohpqIIrG6Bm9ojcrs16sd+tj0Vqw8plj9AfW5w/dbpKJ</latexit>

q = Ttq̃

Then,
<latexit sha1_base64="gLbdbwRJFzBC+b6/NowIAXENyxU=">AAACH3icbVDLSgMxFM34tr6qLt0Ei9CilBnxtRGKbkRcKFhb6JSSSe+0oZmHyR2hDP0TN/6KGxeKiDv/xkzbhVYPBE7OOZfkHi+WQqNtf1lT0zOzc/MLi7ml5ZXVtfz6xp2OEsWhyiMZqbrHNEgRQhUFSqjHCljgSah5vfPMrz2A0iIKb7EfQzNgnVD4gjM0Uit/dFm838MSPaVXrgQfs5urRKeLJbcNEhnFIpZ2aW0U26XVIWnlC3bZHoL+Jc6YFMgY1638p9uOeBJAiFwyrRuOHWMzZQoFlzDIuYmGmPEe60DD0JAFoJvpcL8B3TFKm/qRMidEOlR/TqQs0LofeCYZMOzqSS8T//MaCfonzVSEcYIQ8tFDfiIpRjQri7aFAo6ybwjjSpi/Ut5linE0leZMCc7kyn/J3X7ZOSof3hwUKmfjOhbIFtkmReKQY1IhF+SaVAknj+SZvJI368l6sd6tj1F0yhrPbJJfsL6+Abn9nw4=</latexit>

J(q, t) = L (q, t) �t(t) +W (q, t) + U(q, t)

where
<latexit sha1_base64="fbX+qj2k1pOsw3PyIZ43cNtQa/0="></latexit>

U(q, t) =

Z

R
d⇢ �q(⇢)P (q, t, ⇢)

with
<latexit sha1_base64="uVc/48MS1v0ddE68/yL7L3/Nnuc="></latexit>

P (q, t, ⇢) =

Z

R
d⇣ [✓(⇢)� ✓(⇣)]

�L(T⇣q, t+ ⇣)

�q(⇢)

• Consider the time-translation transformation
<latexit sha1_base64="IMhJkrmZiVG3PXErXt5bTMn2rJo=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGbE7SIEvXiMYBbIhNDTqUma9Cx014hhyK948aCIV3/Em39jTzIHTXxQ8Hiviqp6XiyFRtv+tgorq2vrG8XN0tb2zu5eeb/S0lGiODR5JCPV8ZgGKUJookAJnVgBCzwJbW98m/ntR1BaROEDTmLoBWwYCl9whkbqlyvuACQyitfUhVgLmYlVu2bPQJeJk5MqydHol7/cQcSTAELkkmnddewYeylTKLiEaclNNMSMj9kQuoaGLADdS2e3T+mxUQbUj5SpEOlM/T2RskDrSeCZzoDhSC96mfif103Qv+qlIowThJDPF/mJpBjRLAg6EAo4yokhjCthbqV8xBTjaOIqmRCcxZeXSeu05lzUzu/PqvWbPI4iOSRH5IQ45JLUyR1pkCbh5Ik8k1fyZk2tF+vd+pi3Fqx85oD8gfX5A3XilBY=</latexit>

�t = ✏ and
<latexit sha1_base64="Kjs7X2caaQb7islGaLtZ8Iwv+yc=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgoWFXfDVC0MYygnlANoTZyU0yZHZ2M3NXCCGVjb9iY6GIrd9g5984eRQaPTBwOOce7twTxFIYdN0vJzU3v7C4lF7OrKyurW9kN7fKJko0hxKPZKSrATMghYISCpRQjTWwMJBQCbrXI79yD9qISN1hP4Z6yNpKtARnaKVGdtdvgkRGe/SSHlEfYiNkpPxDvxkh7TWyOTfvjkH/Em9KcmSKYiP7aYM8CUEhl8yYmufGWB8wjYJLGGb8xEDMeJe1oWapYiGY+mB8xpDuW6VJW5G2TyEdqz8TAxYa0w8DOxky7JhZbyT+59USbF3UB0LFCYLik0WtRFKM6KgT2hQaOMq+JYxrYf9KeYdpxtE2l7EleLMn/yXl47x3lj+9PckVrqZ1pMkO2SMHxCPnpEBuSJGUCCcP5Im8kFfn0Xl23pz3yWjKmWa2yS84H98kc5eq</latexit>

�q = �✏ q̇
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• Def: The energy function -in moving coordinates- is

Energy function Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="C+dg5RKkqpLShJvENNj+rrzgT+Y="></latexit>

E(q) := �✏�1J(q) = �L (q) +

Z

R
d⇢ q̇(⇢)P (q, ⇢)

with
<latexit sha1_base64="41WLx4pw1FAYw4DCIfRx1uLb1m8="></latexit>

P (q, ⇢) :=

Z

R
d⇣ [✓(⇢)� ✓(⇣)]

�L(T⇣q)

�q(⇢)

where we have assumed that the nonlocal Lagrangian does 
not explicitly depend on time

<latexit sha1_base64="A4dV96ZFuNHyLKsD3M3GbGY2olo=">AAAB73icdVDLSsNAFJ3UV62vqks3g0Wom5CUtjYLoejGZQX7gDaUyXTSDp1M0pmJUEJ/wo0LRdz6O+78GydtBBU9cOFwzr3ce48XMSqVZX0YubX1jc2t/HZhZ3dv/6B4eNSRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje9Tv3uPRGShvxOzSPiBmjMqU8xUlrqdcuzc3hpmcNiyTKdRs2pOtAyrSVSUnMq1Tq0M6UEMrSGxffBKMRxQLjCDEnZt61IuQkSimJGFoVBLEmE8BSNSV9TjgIi3WR57wKeaWUE/VDo4gou1e8TCQqknAee7gyQmsjfXir+5fVj5TfchPIoVoTj1SI/ZlCFMH0ejqggWLG5JggLqm+FeIIEwkpHVNAhfH0K/yedimnXzdpttdS8yuLIgxNwCsrABhegCW5AC7QBBgw8gCfwbMyMR+PFeF215oxs5hj8gPH2CWiqju4=</latexit>

W (q) = 0.

Considering a first-order Lagrangian, one can recover the 
usual structure of the energy function. 

<latexit sha1_base64="xnjhn3bfBETeuqhL90/eDV3nWtQ="></latexit>

E(q0, q̇0) :=
@LL(q0, q̇0)

@q̇0
q̇0 � LL(q0, q̇0)
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Ph.D. thesis defence: Nonlocal Lagrangian formalism

Hamiltonian formalism
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• Def: The nonlocal Hamiltonian on the extended phase space

Hamiltonian formalism Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="j++lP81o0jSY2SVFfGdsL4szbiw=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQnitSBVMMBYEH1ITagc12mt2k5kO0hV1B9g4VdYGECIlZ2Nv8FpM0DLkSwdn3Ov7r0niBlV2nG+rcLc/MLiUnG5tLK6tr5hb241VJRITOo4YpFsBUgRRgWpa6oZacWSIB4w0gwGl5nffCBS0Ujc6WFMfI56goYUI22kjr3nXSHO0b0XS8rJ+eTnacOVx5HuB0F6O+rYZafijAFniZuTMshR69hfXjfCCSdCY4aUartOrP0USU0xI6OSlygSIzxAPdI2VCAzzk/H14zgvlG6MIykeULDsfq7I0VcqSEPTGW2oZr2MvE/r53o8MxPqYgTTQSeDAoTBnUEs2hgl0qCNRsagrCkZleI+0girE2AJROCO33yLGkcVtyTyvHNUbl6kcdRBDtgFxwAF5yCKrgGNVAHGDyCZ/AK3qwn68V6tz4mpQUr79kGf2B9/gAfvJxB</latexit>

�0 = �⇥ R is defined -in moving coordinates- as follows:
<latexit sha1_base64="TK0PGd3KLqSvOUFVQlNzlcUoZ6A="></latexit>

H(q,⇡, t) =

Z

R
d� ⇡(�) q̇(�)� L(q, t)

that is equipped with the following Poisson bracket 
<latexit sha1_base64="WdRvxCo1VowxD9DMnuFBkMWAevU="></latexit>

{F,G} =

Z

R
d�

✓
�F

�q(�)

�G

�⇡(�)
� �F

�⇡(�)

�G

�q(�)

◆

• Hamilton’s equations are

<latexit sha1_base64="R+KfDkH/QrBYz5DEGomYFkzzw3Q=">AAACFHicbVDNS8MwHE3n15xfVY9egkOYCKMVvy7C0MuOE9wHrGWkWbqFJW1NUmGU/hFe/Fe8eFDEqwdv/jemWw9z80Hg8d7vl+Q9L2JUKsv6MQpLyyura8X10sbm1vaOubvXkmEsMGnikIWi4yFJGA1IU1HFSCcSBHGPkbY3us389iMRkobBvRpHxOVoEFCfYqS01DNPHI7U0POTTtqrw+QhrTiSDjg6htfQ6YdqVumZZatqTQAXiZ2TMsjR6Jnf+goccxIozJCUXduKlJsgoShmJC05sSQRwiM0IF1NA8SJdJNJqBQeaaUP/VDoEyg4UWc3EsSlHHNPT2YR5LyXif953Vj5V25CgyhWJMDTh/yYQRXCrCHYp4JgxcaaICyo/ivEQyQQVrrHki7Bno+8SFqnVfuien53Vq7d5HUUwQE4BBVgg0tQA3XQAE2AwRN4AW/g3Xg2Xo0P43M6WjDynX3wB8bXL38GndY=</latexit>

XHq(�) = q̇(�)
<latexit sha1_base64="j5QAXgWY5lNKcovmkQqPZI6Z7xQ="></latexit>

XH⇡(�) = ⇡̇(�) +
�L(q, t)

�q(�)
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where 

• Hamilton’s equations can be written in a more compact form by 
using the contact differential 2-form:

<latexit sha1_base64="JbkkY3qxIaR/DRdu8kotEGRhBKI=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWbE17LopssK9gHtUDJppg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JPjx4Jr4zjfqLC2vrG5Vdwu7ezu7R+UD49aOkoUZU0aiUh1fKKZ4JI1DTeCdWLFSOgL1vbH95nfnjCleSQfzTRmXkiGkgecEmMlrxcSM/KDtDPr13G/XHGqzhx4lbg5qUCORr/81RtENAmZNFQQrbuuExsvJcpwKtis1Es0iwkdkyHrWipJyLSXzkPP8JlVBjiIlH3S4Ln6eyMlodbT0LeTWUi97GXif143McGtl3IZJ4ZJujgUJAKbCGcN4AFXjBoxtYRQxW1WTEdEEWpsTyVbgrv85VXSuqi619Wrh8tK7S6vowgncArn4MIN1KAODWgChSd4hld4QxP0gt7Rx2K0gPKdY/gD9PkDeduR6w==</latexit>

XH is the Hamiltonian vector field
<latexit sha1_base64="84zp3sjm2Hcd2jlce0acPSn4Uqc="></latexit>

XH = @t +

Z

R
d�

✓
q̇(�)

�

�q(�)
+


⇡̇(�) +

�L(q, t)

�q(�)

�
�

�⇡(�)

◆

<latexit sha1_base64="lwUq977Obyb4rY9uSbIGCcS4v1Q=">AAACG3icbVDLSgNBEJz1GeMr6tHLYBC8GHbF10UIesnNCEaFbAyzs71xyMzuMtOrhJD/8OKvePGgiCfBg3/jJK7gq2Cguqqbnq4glcKg6747Y+MTk1PThZni7Nz8wmJpafnMJJnm0OCJTPRFwAxIEUMDBUq4SDUwFUg4D7pHQ//8GrQRSXyKvRRainViEQnO0Ert0hb1jxV02KWfaqGAHuQ13aR+CBIZrVH/BsIOfNXYLpXdijsC/Uu8nJRJjnq79OqHCc8UxMglM6bpuSm2+kyj4BIGRT8zkDLeZR1oWhozBabVH902oOtWCWmUaPtipCP1+0SfKWN6KrCdiuGV+e0Nxf+8ZobRfqsv4jRDiPnnoiiTFBM6DIqGQgNH2bOEcS3sXym/YppxtHEWbQje75P/krOtirdb2TnZLlcP8zgKZJWskQ3ikT1SJTVSJw3CyS25J4/kyblzHpxn5+WzdczJZ1bIDzhvH/ELn4Q=</latexit>

⌦0 = ⌦� �H ^ �t

<latexit sha1_base64="t6rjW/5ySOHkRhw6lkhiHRfT4kI="></latexit>

⌦ =

Z

R
d� �⇡(�) ^ �q(�)with

Namely,
<latexit sha1_base64="BF3oencK8h4fuzCLWHGGo/lojzA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiTiayMU3XRnBfuApobJ9KYdOpOEmYlQQvdu/BU3LhRx6w+482+cPhbaeuDC4Zx7ufeeIOFMacf5tnJLyyura/n1wsbm1vaOvbvXUHEqKdRpzGPZCogCziKoa6Y5tBIJRAQcmsHgeuw3H0AqFkd3ephAR5BexEJGiTaSbxeZn3mC6H4QZq2RXx1h70ZAj9x7iWQC8CV2fLvklJ0J8CJxZ6SEZqj59pfXjWkqINKUE6XarpPoTkakZpTDqOClChJCB6QHbUMjIkB1sskvI3xolC4OY2kq0nii/p7IiFBqKALTOT5bzXtj8T+vnerwopOxKEk1RHS6KEw51jEeB4O7TALVfGgIoZKZWzHtE0moNvEVTAju/MuLpHFcds/Kp7cnpcrVLI48OkBFdIRcdI4qqIpqqI4oekTP6BW9WU/Wi/VufUxbc9ZsZh/9gfX5Ayb1mnc=</latexit>

iXH
⌦0 = 0

So far, this Hamiltonian system has nothing to do with the 
Lagrangian formulation previously presented.  

How can we connect them?

(differential)
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• We can connect both through the injection:
<latexit sha1_base64="dZDcYx/zVJYpFxOk/UvPIsAlFU0="></latexit>

(q, t) 2 D0 j�! (q,⇡, t) 2 �0

where 
<latexit sha1_base64="JfpNnMWru7U6S7vLbvkyBe4Y9tA=">AAACBnicbVDLSgMxFM34rPU16lKEYBEqlDIjvhCEohuXFewDOkPJpJk2NMmMSUYoQ1du/BU3LhRx6ze4829M21lo64ELh3Pu5d57gphRpR3n25qbX1hcWs6t5FfX1jc27a3tuooSiUkNRyySzQApwqggNU01I81YEsQDRhpB/3rkNx6IVDQSd3oQE5+jrqAhxUgbqW3vQS+mRU/RLkeH8OISVov3JV3KhLZdcMrOGHCWuBkpgAzVtv3ldSKccCI0ZkipluvE2k+R1BQzMsx7iSIxwn3UJS1DBeJE+en4jSE8MEoHhpE0JTQcq78nUsSVGvDAdHKke2raG4n/ea1Eh+d+SkWcaCLwZFGYMKgjOMoEdqgkWLOBIQhLam6FuIckwtoklzchuNMvz5L6Udk9LZ/cHhcqV1kcObAL9kERuOAMVMANqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8AfW5w/75Zbs</latexit>

⇡(�) := P (q, t,�)

It is the prefactor in the Noether 
conserved quantity

<latexit sha1_base64="2tWd1t7lcbz6CqExGdBG0L6BUpc=">AAACB3icdVBNS0JBFJ1nX2ZfVssghiQwEHlP1HQntWlpkB/ge8i8cdTBeR/O3BeIuGvTX2nTooi2/YV2/ZtGfUFFHbhw5px7mXuPGwquwDQ/jMTK6tr6RnIztbW9s7uX3j9oqiCSlDVoIALZdoligvusARwEa4eSEc8VrOWOLud+65ZJxQP/BiYhczwy8HmfUwJa6qaP7R4TQPA4ays+8MgZrmfHOcjFr246Y+arlVK1WMVm3lxgTkrVQrGMrVjJoBj1bvrd7gU08pgPVBClOpYZgjMlEjgVbJayI8VCQkdkwDqa+sRjypku7pjhU630cD+QunzAC/X7xJR4Sk08V3d6BIbqtzcX//I6EfQrzpT7YQTMp8uP+pHAEOB5KLjHJaMgJpoQKrneFdMhkYSCji6lQ/i6FP9PmoW8Vc6XrouZ2kUcRxIdoROURRY6RzV0heqogSi6Qw/oCT0b98aj8WK8LlsTRjxziH7AePsENBaYRw==</latexit>

�q(�)P (q, t,�)

• Def:
<latexit sha1_base64="ilY/QkTkYupHlTufaTNlJZ/WxVI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAwO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HofuY3n1BpHstHM07Qj2hf8pAzaqxUG3aLJbfszkFWiZeREmSodotfnV7M0gilYYJq3fbcxPgTqgxnAqeFTqoxoWxE+9i2VNIItT+ZHzolZ1bpkTBWtqQhc/X3xIRGWo+jwHZG1Az0sjcT//PaqQlv/QmXSWpQssWiMBXExGT2NelxhcyIsSWUKW5vJWxAFWXGZlOwIXjLL6+SxkXZuy5f1S5LlbssjjycwCmcgwc3UIEHqEIdGCA8wyu8OUPnxXl3PhatOSebOYY/cD5/ANRBjPg=</latexit>

j defines a one-to-one map from
<latexit sha1_base64="GTGCxWCsWeXuI4wECZUUV780vUU=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1nUhcsK9gFNLJPpTTt0JgkzE7GE/IobF4q49Ufc+TdO2i60emDgcM693DMnSDhT2nG+rNLS8srqWnm9srG5tb1j71bbKk4lhRaNeSy7AVHAWQQtzTSHbiKBiIBDJxhfFX7nAaRicXSnJwn4ggwjFjJKtJH6dtUTRI8o4dl1fu8lkgno2zWn7kyB/xJ3Tmpojmbf/vQGMU0FRJpyolTPdRLtZ0RqRjnkFS9VkBA6JkPoGRoRAcrPptlzfGiUAQ5jaV6k8VT9uZERodREBGaySKoWvUL8z+ulOrzwMxYlqYaIzg6FKcc6xkUReMAkUM0nhhAqmcmK6YhIQrWpq2JKcBe//Je0j+vuWf309qTWuJzXUUb76AAdIRedowa6QU3UQhQ9oif0gl6t3Hq23qz32WjJmu/soV+wPr4BaMqUsg==</latexit>

D0 into
<latexit sha1_base64="kqds2WB4nTip/q7mcffYwSvW1RI=">AAACEnicbVBNS8NAEN34WetX1KOXYBHspSTi17GooMcK9gOaWibbaV27m4TdjVBCf4MX/4oXD4p49eTNf+O2zUGrDwYe780wMy+IOVPadb+smdm5+YXF3FJ+eWV1bd3e2KypKJEUqzTikWwEoJCzEKuaaY6NWCKIgGM96J+N/Po9SsWi8FoPYmwJ6IWsyyhoI7Xt4t2eL0DfUuDp+fDGjyUTWPRVEijU/gUIAZnYtgtuyR3D+Uu8jBRIhkrb/vQ7EU0EhppyUKrpubFupSA1oxyHeT9RGAPtQw+bhoYgULXS8UtDZ9coHacbSVOhdsbqz4kUhFIDEZjO0flq2huJ/3nNRHdPWikL40RjSCeLugl3dOSM8nE6TCLVfGAIUMnMrQ69BQlUmxTzJgRv+uW/pLZf8o5Kh1cHhfJpFkeObJMdskc8ckzK5JJUSJVQ8kCeyAt5tR6tZ+vNep+0zljZzBb5BevjGwjgnls=</latexit>

j(D0) ⇢ �0

namely, a submanifold implicitly defined by the constraints:

<latexit sha1_base64="FN+WzAfgRq7EZje0x1nRNtQIavQ=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVSknE10YounFZwT6gCWUynaRDJw9nboQSunXjr7hxoYhb/8Cdf+O0zUJbD1w4nHMv997jJYIrsKxvY2FxaXlltbBWXN/Y3No2d3abKk4lZQ0ai1i2PaKY4BFrAAfB2olkJPQEa3mD67HfemBS8Ti6g2HC3JAEEfc5JaClromduuKOYD6U7ytQcRQPQoIdyYM+HF1iC3fNklW1JsDzxM5JCeWod80vpxfTNGQRUEGU6thWAm5GJHAq2KjopIolhA5IwDqaRiRkys0mn4zwoVZ62I+lrgjwRP09kZFQqWHo6c6QQF/NemPxP6+Tgn/hZjxKUmARnS7yU4EhxuNYcI9LRkEMNSFUcn0rpn0iCQUdXlGHYM++PE+ax1X7rHp6e1KqXeVxFNA+OkBlZKNzVEM3qI4aiKJH9Ixe0ZvxZLwY78bHtHXByGf20B8Ynz9CypjG</latexit>

 (q, t,�) = 0 and 
<latexit sha1_base64="Xl6BLOzn2ToPTCyY3HjvYmqxlXY="></latexit>

⌥ (q,⇡, t,�) := ⇡(�)� P (q, t,�) = 0

• Besides, Consequently, the constraints are stable by the 
Hamiltonian flow.

<latexit sha1_base64="fhsv2PMGW0wiv6Hh0ZuZJPd0laQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4Kon42ghFXXRZoS9oY5hMJ+3YySTMTIQSsnTjr7hxoYhbP8Gdf+OkjaCtBwbOnHMv997jRYxKZVlfxtz8wuLScmGluLq2vrFpbm03ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNrzK/dU+EpCGvq1FEnAD1OfUpRkpLrrl3d1uH3QCpgecn1ym8gG03+flX09Q1S1bZGgPOEjsnJZCj5pqf3V6I44BwhRmSsmNbkXISJBTFjKTFbixJhPAQ9UlHU44CIp1kfEgKD7TSg34o9OMKjtXfHQkKpBwFnq7MVpTTXib+53Vi5Z87CeVRrAjHk0F+zKAKYZYK7FFBsGIjTRAWVO8K8QAJhJXOrqhDsKdPniXNo7J9Wj65OS5VLvM4CmAX7INDYIMzUAFVUAMNgMEDeAIv4NV4NJ6NN+N9Ujpn5D074A+Mj28YmZlr</latexit>

jTD = XH
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• To translate the Hamiltonian formalism in 
the pullback  

<latexit sha1_base64="rUSTSOYB67aCysszgfXftuYNNiQ=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQgx4jmAdk19A7mU2GzMyuM7OBsOQ7vHhQxKsf482/cZLsQaMFDUVVN91dYcKZNq775RSWlldW14rrpY3Nre2d8u5eU8epIrRBYh6rdgiaciZpwzDDaTtRFETIaSscXk/91ogqzWJ5b8YJDQT0JYsYAWOlwL8BIeDBTxQTtFuuuFV3BvyXeDmpoBz1bvnT78UkFVQawkHrjucmJshAGUY4nZT8VNMEyBD6tGOpBEF1kM2OnuAjq/RwFCtb0uCZ+nMiA6H1WIS2U4AZ6EVvKv7ndVITXQYZk0lqqCTzRVHKsYnxNAHcY4oSw8eWAFHM3orJABQQY3Mq2RC8xZf/kuZJ1Tuvnt2dVmpXeRxFdIAO0THy0AWqoVtURw1E0CN6Qi/o1Rk5z86b8z5vLTj5zD76BefjG8IMkhw=</latexit>

�0 into
<latexit sha1_base64="GTGCxWCsWeXuI4wECZUUV780vUU=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1nUhcsK9gFNLJPpTTt0JgkzE7GE/IobF4q49Ufc+TdO2i60emDgcM693DMnSDhT2nG+rNLS8srqWnm9srG5tb1j71bbKk4lhRaNeSy7AVHAWQQtzTSHbiKBiIBDJxhfFX7nAaRicXSnJwn4ggwjFjJKtJH6dtUTRI8o4dl1fu8lkgno2zWn7kyB/xJ3Tmpojmbf/vQGMU0FRJpyolTPdRLtZ0RqRjnkFS9VkBA6JkPoGRoRAcrPptlzfGiUAQ5jaV6k8VT9uZERodREBGaySKoWvUL8z+ulOrzwMxYlqYaIzg6FKcc6xkUReMAkUM0nhhAqmcmK6YhIQrWpq2JKcBe//Je0j+vuWf309qTWuJzXUUb76AAdIRedowa6QU3UQhQ9oif0gl6t3Hq23qz32WjJmu/soV+wPr4BaMqUsg==</latexit>

D0 , we use 
<latexit sha1_base64="lj3ZVGYDCzjrtBG18wWpCqWl8GY=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dM5JHASmaHAQZmdzYzvSZkwz948aAxXv0fb/6NA+xBwUo6qVR1p7sriKUw6LrfTm5ldW19I79Z2Nre2d0r7h/UjUo04zWmpNLNgBouRcRrKFDyZqw5DQPJG8Hoduo3nrg2QkUPOI65H9J+JHqCUbRSffjYpgY7xZJbdmcgy8TLSAkyVDvFr3ZXsSTkETJJjWl5box+SjUKJvmk0E4Mjykb0T5vWRrRkBs/nV07ISdW6ZKe0rYiJDP190RKQ2PGYWA7Q4oDs+hNxf+8VoK9az8VUZwgj9h8US+RBBWZvk66QnOGcmwJZVrYWwkbUE0Z2oAKNgRv8eVlUj8re5fli/vzUuUmiyMPR3AMp+DBFVTgDqpQAwZDeIZXeHOU8+K8Ox/z1pyTzRzCHzifP53gjyw=</latexit>

j⇤

Therefore, the contact form 
<latexit sha1_base64="zKeogoZ93j+eTMk1YFaLveu4ElI=">AAACFnicbVC7SgNBFJ31bXytWtosBkELw27wVYpaWFhEMBrIxnB3cpMMmZldZmaFsOQrbPwVGwtFbMXOv3GSbOHrwMDhnHuYe0+UcKaN7386E5NT0zOzc/OFhcWl5RV3de1ax6miWKUxj1UtAo2cSawaZjjWEoUgIo43Ue906N/codIsllemn2BDQEeyNqNgrNR0d8NYYAduw0QxgSGT4YUNt+C2vB0KMF0KPDsb5PZO0y36JX8E7y8JclIkOSpN9yNsxTQVKA3loHU98BPTyEAZRjkOCmGqMQHagw7WLZUgUDey0VkDb8sqLa8dK/uk8Ubq90QGQuu+iOzkcFX92xuK/3n11LSPGhmTSWpQ0vFH7ZR7JvaGHXktppAa3rcEqGJ2V492QQE1tsmCLSH4ffJfcl0uBQel/cu94vFJXscc2SCbZJsE5JAck3NSIVVCyT15JM/kxXlwnpxX5208OuHkmXXyA877F6RDn60=</latexit>

!0 2 ⇤2(D0) is

and, as
<latexit sha1_base64="Suy9irrHn5Lij1KH6ktB2YLSgWA=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kon42ghFXXRZoS9oY5hMJ+3YySTMTIQSsnHjr7hxoYhb/8Gdf+OkjaCtBwbOnHMv997jRYxKZVlfxtz8wuLScmGluLq2vrFpbm03ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNrzK/dU+EpCGvq1FEnAD1OfUpRkpLrrl3d1vvBkgNPD+5TuEF/Pm0U7fqmiWrbI0BZ4mdkxLIUXPNz24vxHFAuMIMSdmxrUg5CRKKYkbSYjeWJEJ4iPqkoylHAZFOMr4ihQda6UE/FPpxBcfq744EBVKOAk9XZjvKaS8T//M6sfLPnYTyKFaE48kgP2ZQhTCLBPaoIFixkSYIC6p3hXiABMJKB1fUIdjTJ8+S5lHZPi2f3ByXKpd5HAWwC/bBIbDBGaiAKqiBBsDgATyBF/BqPBrPxpvxPimdM/KeHfAHxsc35wGYNQ==</latexit>

jTD = XH , the Hamilton equations read
<latexit sha1_base64="qEuemwq4dznFAfbS2q6NbZ1JSPI=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiK+NkJRFy4r2Ac0sUymN+3QmSTMTIQSunbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv994TJJwp7Tjf1tz8wuLScmGluLq2vrFpb23XVZxKCjUa81g2A6KAswhqmmkOzUQCEQGHRtC/GvmNB5CKxdGdHiTgC9KNWMgo0UZq23usnXmC6F4QZtfDIfZiAV1y7yWSCcAX2MFtu+SUnTHwLHFzUkI5qm37y+vENBUQacqJUi3XSbSfEakZ5TAseqmChNA+6ULL0IgIUH42fmWID4zSwWEsTUUaj9XfExkRSg1EYDpHV6tpbyT+57VSHZ77GYuSVENEJ4vClGMd41EuuMMkUM0HhhAqmbkV0x6RhGqTXtGE4E6/PEvqR2X3tHxye1yqXOZxFNAu2keHyEVnqIJuUBXVEEWP6Bm9ojfryXqx3q2PSeuclc/soD+wPn8AO9SZ8g==</latexit>

iD!0 = 0

<latexit sha1_base64="k3bbTBzwpEdDhx8vaDUoG5FU2f4=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBAUNOyKr4sQ9OJRwaiQjWF2tpMMmdldZ3qVEPI7XvwVLwqKevVHnGQj+CoYqK7qpqcrSKQw6Lpvzsjo2PjEZG4qPz0zOzdfWFg8N3GqOVR4LGN9GTADUkRQQYESLhMNTAUSLoL2Ud+/uAFtRBydYSeBmmLNSDQEZ2ileqHsxwqa7MpPtFCwdr2B6/SAZmJWbVI/BImMtrLav4WwCV8i1gtFt+QOQP8Sb0iKZIiTeuHJD2OeKoiQS2ZM1XMTrHWZRsEl9PJ+aiBhvM2aULU0YgpMrTu4tEdXrRLSRqzti5AO1O8TXaaM6ajAdiqGLfPb64v/edUUG/u1roiSFCHi2aJGKinGtB8bDYUGjrJjCeNa2L9S3mKacbTh5m0I3u+T/5LzrZK3W9o53S6WD4dx5MgyWSFrxCN7pEyOyQmpEE7uyAN5Ji/OvfPovDrvWeuIM5xZIj/gfHwCtG2kdg==</latexit>

!0(q, t) = !(q, t)� �h(q, t) ^ �t
where

It’s close but it is not 
clear whether it is non-

degerenate!

<latexit sha1_base64="5VBhE9hW48+j2zZXI4ZjugAoAus="></latexit>

!(q, t) =

Z

R
d� �P (q, t,�) ^ �q(�)

<latexit sha1_base64="HNq1IOYywaDTPdAot4fxnxY/hN8=">AAACCnicbVDJSgNBEO2JW4xb1KOX1iCIhzAjbghC0Is3I5gFMpPQ06lJ2nTPDN09Qgg5e/FXvHhQxKtf4M2/sbMcYuKDgsd7VVTV82POlLbtHys1N7+wuJRezqysrq1vZDe3yipKJIUSjXgkqz5RwFkIJc00h2osgQifQ8XvXA/8yiNIxaLwXndj8ARphSxglGgjNbK7biSgRepuLJkAfHGJH+qH7u2E1sjm7Lw9BJ4lzpjk0BjFRvbbbUY0ERBqyolSNceOtdcjUjPKoZ9xEwUxoR3SgpqhIRGgvN7wlT7eN0oTB5E0FWo8VCcnekQo1RW+6RREt9W0NxD/82qJDs69HgvjRENIR4uChGMd4UEuuMkkUM27hhAqmbkV0zaRhGqTXsaE4Ey/PEvKR3nnNH9yd5wrXI3jSKMdtIcOkIPOUAHdoCIqIYqe0At6Q+/Ws/VqfVifo9aUNZ7ZRn9gff0CQEWaAA==</latexit>

!0 := j⇤⌦0

<latexit sha1_base64="BF3oencK8h4fuzCLWHGGo/lojzA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiTiayMU3XRnBfuApobJ9KYdOpOEmYlQQvdu/BU3LhRx6w+482+cPhbaeuDC4Zx7ufeeIOFMacf5tnJLyyura/n1wsbm1vaOvbvXUHEqKdRpzGPZCogCziKoa6Y5tBIJRAQcmsHgeuw3H0AqFkd3ephAR5BexEJGiTaSbxeZn3mC6H4QZq2RXx1h70ZAj9x7iWQC8CV2fLvklJ0J8CJxZ6SEZqj59pfXjWkqINKUE6XarpPoTkakZpTDqOClChJCB6QHbUMjIkB1sskvI3xolC4OY2kq0nii/p7IiFBqKALTOT5bzXtj8T+vnerwopOxKEk1RHS6KEw51jEeB4O7TALVfGgIoZKZWzHtE0moNvEVTAju/MuLpHFcds/Kp7cnpcrVLI48OkBFdIRcdI4qqIpqqI4oekTP6BW9WU/Wi/VufUxbc9ZsZh/9gfX5Ayb1mnc=</latexit>

iXH
⌦0 = 0

<latexit sha1_base64="lj3ZVGYDCzjrtBG18wWpCqWl8GY=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dM5JHASmaHAQZmdzYzvSZkwz948aAxXv0fb/6NA+xBwUo6qVR1p7sriKUw6LrfTm5ldW19I79Z2Nre2d0r7h/UjUo04zWmpNLNgBouRcRrKFDyZqw5DQPJG8Hoduo3nrg2QkUPOI65H9J+JHqCUbRSffjYpgY7xZJbdmcgy8TLSAkyVDvFr3ZXsSTkETJJjWl5box+SjUKJvmk0E4Mjykb0T5vWRrRkBs/nV07ISdW6ZKe0rYiJDP190RKQ2PGYWA7Q4oDs+hNxf+8VoK9az8VUZwgj9h8US+RBBWZvk66QnOGcmwJZVrYWwkbUE0Z2oAKNgRv8eVlUj8re5fli/vzUuUmiyMPR3AMp+DBFVTgDqpQAwZDeIZXeHOU8+K8Ox/z1pyTzRzCHzifP53gjyw=</latexit>

j⇤
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Finally, the Hamiltonian in
<latexit sha1_base64="GTGCxWCsWeXuI4wECZUUV780vUU=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1nUhcsK9gFNLJPpTTt0JgkzE7GE/IobF4q49Ufc+TdO2i60emDgcM693DMnSDhT2nG+rNLS8srqWnm9srG5tb1j71bbKk4lhRaNeSy7AVHAWQQtzTSHbiKBiIBDJxhfFX7nAaRicXSnJwn4ggwjFjJKtJH6dtUTRI8o4dl1fu8lkgno2zWn7kyB/xJ3Tmpojmbf/vQGMU0FRJpyolTPdRLtZ0RqRjnkFS9VkBA6JkPoGRoRAcrPptlzfGiUAQ5jaV6k8VT9uZERodREBGaySKoWvUL8z+ulOrzwMxYlqYaIzg6FKcc6xkUReMAkUM0nhhAqmcmK6YhIQrWpq2JKcBe//Je0j+vuWf309qTWuJzXUUb76AAdIRedowa6QU3UQhQ9oif0gl6t3Hq23qz32WjJmu/soV+wPr4BaMqUsg==</latexit>

D0 is
<latexit sha1_base64="c/mt4+tXwtWUk5QESvRMfO7t53s="></latexit>

h(q, t) =

Z

R
d� P (q, t,�)q̇(�)� L(q, t)

<latexit sha1_base64="WagMnIIzmsQCIlgzBACQ7cv+09I=">AAAB8XicbVDLSsNAFL2pr1pfUZduBosgLkoivhCEopsuK9gHtrFMppN27GQSZiZCCf0LNy4UcevfuPNvnLZZaOuBC4dz7uXee/yYM6Ud59vKLSwuLa/kVwtr6xubW/b2Tl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uBm7DeeqFQsEnd6GFMvxD3BAkawNtJ9H11eoceHI1Tp2EWn5EyA5ombkSJkqHbsr3Y3IklIhSYcK9VynVh7KZaaEU5HhXaiaIzJAPdoy1CBQ6q8dHLxCB0YpYuCSJoSGk3U3xMpDpUahr7pDLHuq1lvLP7ntRIdXHgpE3GiqSDTRUHCkY7Q+H3UZZISzYeGYCKZuRWRPpaYaBNSwYTgzr48T+rHJfesdHp7UixfZ3HkYQ/24RBcOIcyVKAKNSAg4Ble4c1S1ov1bn1MW3NWNrMLf2B9/gBLFo9h</latexit>

h := j
⇤
H

<latexit sha1_base64="KAVmayToDC9JCy/RqN7UXhtwyW4=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRLxtSzqwmUF+4AmlMl00g6dmYSZSaGE/IkbF4q49U/c+TdO2iy0emDgcM693DMnTBhV2nW/rMrK6tr6RnWztrW9s7tn7x90VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g0nt4XfnRKpaCwe9SwhAUcjQSOKkTbSwLb9KcGZz5EeS57d5fnArrsNdw7nL/FKUocSrYH96Q9jnHIiNGZIqb7nJjrIkNQUM5LX/FSRBOEJGpG+oQJxooJsnjx3TowydKJYmie0M1d/bmSIKzXjoZksIqplrxD/8/qpjq6DjIok1UTgxaEoZY6OnaIGZ0glwZrNDEFYUpPVwWMkEdamrJopwVv+8l/SOWt4l42Lh/N686asowpHcAyn4MEVNOEeWtAGDFN4ghd4tTLr2Xqz3hejFavcOYRfsD6+AS8FlAg=</latexit>

~D
<latexit sha1_base64="KAVmayToDC9JCy/RqN7UXhtwyW4=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRLxtSzqwmUF+4AmlMl00g6dmYSZSaGE/IkbF4q49U/c+TdO2iy0emDgcM693DMnTBhV2nW/rMrK6tr6RnWztrW9s7tn7x90VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g0nt4XfnRKpaCwe9SwhAUcjQSOKkTbSwLb9KcGZz5EeS57d5fnArrsNdw7nL/FKUocSrYH96Q9jnHIiNGZIqb7nJjrIkNQUM5LX/FSRBOEJGpG+oQJxooJsnjx3TowydKJYmie0M1d/bmSIKzXjoZksIqplrxD/8/qpjq6DjIok1UTgxaEoZY6OnaIGZ0glwZrNDEFYUpPVwWMkEdamrJopwVv+8l/SOWt4l42Lh/N686asowpHcAyn4MEVNOEeWtAGDFN4ghd4tTLr2Xqz3hejFavcOYRfsD6+AS8FlAg=</latexit>

~D
<latexit sha1_base64="o7JW5Nxr1maTkjT4FfRdy9i1Qa0=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GqZNYpJb0IvHBMwCyRB6Oj1Jx56F7h4hDPkCLx4U8eonefNv7CyCij4oeLxXRVU9LxZcacf5sDJr6xubW9nt3M7u3v5B/vCoraJEUtaikYhk1yOKCR6yluZasG4sGQk8wTre3fXc79wzqXgU3uppzNyAjELuc0q0kZqTQb7g2JVSrVKsIsfGRYyL5SUp1TDCtrNAAVZoDPLv/WFEk4CFmgqiVA87sXZTIjWngs1y/USxmNA7MmI9Q0MSMOWmi0Nn6MwoQ+RH0lSo0UL9PpGSQKlp4JnOgOix+u3Nxb+8XqL9qpvyME40C+lykZ8IpCM0/xoNuWRUi6khhEpubkV0TCSh2mSTMyF8fYr+J+0LG1/a5WapUL9axZGFEziFc8BQgTrcQANaQIHBAzzBszWxHq0X63XZmrFWM8fwA9bbJzuojT8=</latexit>

j

<latexit sha1_base64="FtK1SZ77Rc90/QWj7pw7bHY8x74=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GmZsa9td0U2XFewDpkPJpJk2NJMMSaZQhvkMNy4UcevXuPNvTB+Cih64cDjnXu69J4gZVdpxPqzcxubW9k5+t7C3f3B4VDw+6SqRSEw6WDAh+wFShFFOOppqRvqxJCgKGOkF09uF35sRqajg93oeEz9CY05DipE2kjeYEZz2s2HayobFkmPXKo1auQ4d2y27brm6IpWGC13bWaIE1mgPi++DkcBJRLjGDCnluU6s/RRJTTEjWWGQKBIjPEVj4hnKUUSUny5PzuCFUUYwFNIU13Cpfp9IUaTUPApMZ4T0RP32FuJfnpfosO6nlMeJJhyvFoUJg1rAxf9wRCXBms0NQVhScyvEEyQR1ialggnh61P4P+le2e61Xb2rlJo36zjy4Aycg0vgghpoghZogw7AQIAH8ASeLW09Wi/W66o1Z61nTsEPWG+fAuKRwg==</latexit>

~XH

<latexit sha1_base64="FtK1SZ77Rc90/QWj7pw7bHY8x74=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GmZsa9td0U2XFewDpkPJpJk2NJMMSaZQhvkMNy4UcevXuPNvTB+Cih64cDjnXu69J4gZVdpxPqzcxubW9k5+t7C3f3B4VDw+6SqRSEw6WDAh+wFShFFOOppqRvqxJCgKGOkF09uF35sRqajg93oeEz9CY05DipE2kjeYEZz2s2HayobFkmPXKo1auQ4d2y27brm6IpWGC13bWaIE1mgPi++DkcBJRLjGDCnluU6s/RRJTTEjWWGQKBIjPEVj4hnKUUSUny5PzuCFUUYwFNIU13Cpfp9IUaTUPApMZ4T0RP32FuJfnpfosO6nlMeJJhyvFoUJg1rAxf9wRCXBms0NQVhScyvEEyQR1ialggnh61P4P+le2e61Xb2rlJo36zjy4Aycg0vgghpoghZogw7AQIAH8ASeLW09Wi/W66o1Z61nTsEPWG+fAuKRwg==</latexit>

~XH

<latexit sha1_base64="R2m1rQ1yxw2BN/gaYB/PGpSXs+o=">AAACAXicbZC7SgNBFIZnvcZ4W7URbAaDYBV2xVsjBLVIGSE3SNZldnKSjJm9MDMbCMva+Co2ForY+hZ2vo2TZAtN/GHg4z/ncOb8XsSZVJb1bSwsLi2vrObW8usbm1vb5s5uXYaxoFCjIQ9F0yMSOAugppji0IwEEN/j0PAGN+N6YwhCsjCoqlEEjk96AesySpS2XHP/4b6K20OgyW16NYVm6ibl1DULVtGaCM+DnUEBZaq45le7E9LYh0BRTqRs2VaknIQIxSiHNN+OJUSEDkgPWhoD4oN0kskFKT7STgd3Q6FfoPDE/T2REF/Kke/pTp+ovpytjc3/aq1YdS+dhAVRrCCg00XdmGMV4nEcuMMEUMVHGggVTP8V0z4RhCodWl6HYM+ePA/1k6J9Xjy7Oy2UrrM4cugAHaJjZKMLVEJlVEE1RNEjekav6M14Ml6Md+Nj2rpgZDN76I+Mzx/6w5ad</latexit>

jT ~D = ~XH

<latexit sha1_base64="nMF+Uo4/um10GmqQxGj5BMPC12U=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahQhlmbGtbQSi6cVnBPqAzlEyatqGZh0lGKEPBjb/ixoUibv0Jd/6NaTuCih64cHLOveTe44aMCmmaH1pqYXFpeSW9mllb39jc0rd3miKIOCYNHLCAt10kCKM+aUgqGWmHnCDPZaTlji6mfuuWcEED/1qOQ+J4aODTPsVIKqmr79khzdmCDjx0dHpWz93kZT55dvWsaZSL1XKhAk3DKlhWoTQnxaoFLcOcIQsS1Lv6u90LcOQRX2KGhOhYZiidGHFJMSOTjB0JEiI8QgPSUdRHHhFOPLthAg+V0oP9gKvyJZyp3ydi5Akx9lzV6SE5FL+9qfiX14lkv+LE1A8jSXw8/6gfMSgDOA0E9ignWLKxIghzqnaFeIg4wlLFllEhfF0K/yfNY8M6MUpXxWztPIkjDfbBAcgBC5RBDVyCOmgADO7AA3gCz9q99qi9aK/z1pSWzOyCH9DePgFSm5a1</latexit>

⇡(�) := P (q, t,�)

<latexit sha1_base64="3BBTrk4sAzl4oFBIeVscnUnCZCQ=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoMgHpZdk5jkFvTiMaJ5QLKG2ckkGTM7u8zMCmHJJ3jxoIhXv8ibf+PkIahoQUNR1U13lx9xprTjfFippeWV1bX0emZjc2t7J7u711BhLAmtk5CHsuVjRTkTtK6Z5rQVSYoDn9OmP7qY+s17KhULxY0eR9QL8ECwPiNYG+n67vakm805dqlQKeXLyLHdvOvmi3NSqLjItZ0ZcrBArZt97/RCEgdUaMKxUm3XibSXYKkZ4XSS6cSKRpiM8IC2DRU4oMpLZqdO0JFReqgfSlNCo5n6fSLBgVLjwDedAdZD9dubin957Vj3y17CRBRrKsh8UT/mSIdo+jfqMUmJ5mNDMJHM3IrIEEtMtEknY0L4+hT9TxqntntmF68Kuer5Io40HMAhHIMLJajCJdSgDgQG8ABP8Gxx69F6sV7nrSlrMbMPP2C9fQJU043b</latexit>

j⇤ <latexit sha1_base64="4bYhwBPN6KordpPSss3CodtQYwM="></latexit>

i ~XH

⌦ = �dH

<latexit sha1_base64="2t2bPZZkwwmQw7Dw+szjucTADro="></latexit>

i~D! = �dh

*We still need to know how to 
coordinate the dynamic space.

Visually,
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Application: NL H.O.
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Example: NL H.O. Ph.D. thesis defence: Nonlocal Lagrangian formalism

Consider the following Lagrangian: <latexit sha1_base64="X0DbGZtVyfJljdpa/7sn7MGs8zc=">AAACAHicdVBNS0JBFJ1nX2ZfVosWbYYksEXyFDXfIpDaBG0M8gPUZN541cF5H8zMC+zppr/SpkURbfsZ7fo3jfqCijpw4cw59zL3HtvnTCrT/DBiC4tLyyvx1cTa+sbmVnJ7pya9QFCoUo97omETCZy5UFVMcWj4Aohjc6jbw/OpX78FIZnnXquRD22H9F3WY5QoLXWSe5fp1h0ocoRPMdyEx+PZazzpJFNmxioVrLyFzYw5w5QUrFy+iLORkkIRKp3ke6vr0cABV1FOpGxmTV+1QyIUoxwmiVYgwSd0SPrQ1NQlDsh2ODtggg+10sU9T+hyFZ6p3ydC4kg5cmzd6RA1kL+9qfiX1wxUr9QOmesHClw6/6gXcKw8PE0Dd5kAqvhIE0IF07tiOiCCUKUzS+gQvi7F/5NaLpMtZgpX+VT5LIojjvbRAUqjLDpBZXSBKqiKKJqgB/SEno1749F4MV7nrTEjmtlFP2C8fQLX25X6</latexit>

K(⇣) = e�|⇣|

Let us identify this nonlocal Lagrangian with our formalism, so
<latexit sha1_base64="XAId1vmAl3NigeqFkcwpX8q3gWg="></latexit>

L (Ttq̃) =
1

2
˙̃q2(t)� !2

2
q̃2(t) +

g

4
q̃(t)

Z

R
d⇣K(⇣) q̃(t� ⇣)

<latexit sha1_base64="PxhxQyWInPTiKtecJkmQqJSyGGw="></latexit>

=
1

2
Tt

˙̃q20 �
!2

2
Ttq̃

2
0 +

g

4
Ttq̃0

Z

R
d⇣K(⇣)Ttq̃(�⇣)

OK!

The nonlocal Euler-Lagrange equations are
<latexit sha1_base64="jjuF7+ZJz8KqlnQnPSFS3GxcB9s="></latexit>

 (q̃,�) = � ¨̃q(�)� !2q̃(�) +
g

2
(K ⇤ q̃)(�) = 0

<latexit sha1_base64="wRudhPXgAEKMjUQ7XitoE1kPfcU="></latexit>

S(q̃, R) =

Z

|t|R
dt


1

2
˙̃q2(t)� !2

2
q̃2(t) +

g

4
q̃(t)

Z

R
d⇣K(⇣) q̃(t� ⇣)

�
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To solve this integro-differential equation,
<latexit sha1_base64="pzGeXZTG2tzuTNP7WTvXC5NST9k="></latexit>

¨̃q(�) + !2q̃(�)� g

2
(K ⇤ q̃)(�) = 0

<latexit sha1_base64="+8EhMx7xJXAjctRrWY0tVVwE4mI=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKql4jRUsjEWiD6kJleM6rVXbiWwHqYryCSz8CgsDCLEysvE3OG2G0nIkS8fn3Kt77wliRpV2nB9raXlldW29tFHe3Nre2bX39lsqSiQmTRyxSHYCpAijgjQ11Yx0YkkQDxhpB6Ob3G8/EqloJO71OCY+RwNBQ4qRNlLPPvFCiXDqcaSHkqf97KGWzfw8RQccGa1nV5yqMwFcJG5BKqBAo2d/e/0IJ5wIjRlSqus6sfZTJDXFjGRlL1EkRniEBqRrqECcKD+dHJTBY6P0YRhJ84SGE3W2I0VcqTEPTGW+qpr3cvE/r5vo8MpPqYgTTQSeDgoTBnUE83Rgn0qCNRsbgrCkZleIh8gkpE2GZROCO3/yImnVqu5F9fzurFK/LuIogUNwBE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ/T0iWr6DkAf2B9/QKSyZ4y</latexit>

d2

d�2
<latexit sha1_base64="b/pjIUJJug8i3PLlrr5Vl/NU3CI="></latexit>

q̃(iv)(�) + (!2 � 1) ¨̃q(�) + (g � !2)q̃(�) = 0

The general solution is
<latexit sha1_base64="JoHD6U28etiYjaf4M7zEtaGIgdg="></latexit>

q̃(�) =
4X

j=1

Aj e� rj

where <latexit sha1_base64="h9ZFdJoxLO3K+sTZg3j/hRnoQcI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjRPCBZwuxkNhkzO7vM9AphySd48aCIV7/Im3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3n7g2IlYPOEq4H9G+EqFgFK10r7uP3VLZrbhTkEXi5aQMOWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty1VNOLGz6anjsmxVXokjLUthWSq/p7IaGTMKApsZ0RxYOa9ifif104xvPIzoZIUuWKzRWEqCcZk8jfpCc0ZypEllGlhbyVsQDVlaNMp2hC8+ZcXSeO04l1Uzu/OytXrPI4CHMIRnIAHl1CFW6hBHRj04Rle4c2Rzovz7nzMWpecfOYA/sD5/AFcMI3d</latexit>rj are the roots of the characteristic equation

<latexit sha1_base64="A87eKYwv+6Xxo+bv+Eajixx/JTs=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARKqUlKfWyEYpuXFawrdCmZTKdpENnkjAzEUroK7jxVdy4UMStO3e+jdM2iLb+MPDxn3M4c343YlQqy/oyMkvLK6tr2fXcxubW9o65u9eUYSwwaeCQheLORZIwGpCGooqRu0gQxF1GWu7walJv3RMhaRjcqlFEHI78gHoUI6WtnlkQ3SosFjohJz7qVmAJ2sdQaChCv/TjXkCrZ+atsjUVXAQ7hTxIVe+Zn51+iGNOAoUZkrJtW5FyEiQUxYyMc51YkgjhIfJJW2OAOJFOMr1oDI+004deKPQLFJy6vycSxKUccVd3cqQGcr42Mf+rtWPlnTsJDaJYkQDPFnkxgyqEk3hgnwqCFRtpQFhQ/VeIB0ggrHSIOR2CPX/yIjQrZfu0fHJTzdcu0ziy4AAcggKwwRmogWtQBw2AwQN4Ai/g1Xg0no03433WmjHSmX3wR8bHN8vemTs=</latexit>

r4 + (!2 � 1)r2 + g � !2 = 0
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Namely, the solution is
<latexit sha1_base64="JidcR9t6xkR3vEzr2IJmfFhWjbQ=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFcCFlRnxthKIblxXsA9phyKRpG5rJDElGKEPd+CtuXCji1r9w59+YaWehrYeEezjnXpJ7gpgzpR3n2yosLC4trxRXS2vrG5tb9vZOQ0WJJLROIh7JVoAV5UzQumaa01YsKQ4DTpvB8Cbzmw9UKhaJez2KqRfivmA9RrA2km/vST/txKE5Y3SFMnaMpG+qb5edijMBmiduTsqQo+bbX51uRJKQCk04VqrtOrH2Uiw1I5yOS51E0RiTIe7TtqECh1R56WSDMTo0Shf1Immu0Gii/p5IcajUKAxMZ4j1QM16mfif105079JLmYgTTQWZPtRLONIRyuJAXSYp0XxkCCaSmb8iMsASE21CK5kQ3NmV50njpOKeV87uTsvV6zyOIuzDARyBCxdQhVuoQR0IPMIzvMKb9WS9WO/Wx7S1YOUzu/AH1ucPfemWSA==</latexit>

r±± = ± r±

<latexit sha1_base64="fR24cJAsVTGKbv/rqF3F6hNAaQE=">AAACHHicbVBNS8NAEN34bf2qevSyWAQvlqR+XoSiHjxWsCo0tWy2k7q4m8TdiVBCfogX/4oXD4p48SD4b9zWHPx6MPB4b4aZeUEihUHX/XBGRsfGJyanpkszs3PzC+XFpTMTp5pDk8cy1hcBMyBFBE0UKOEi0cBUIOE8uD4c+Oe3oI2Io1PsJ9BWrBeJUHCGVuqUN3XHTxTdp7650Zj5oWY88zb8WEGPXdbyGh3YhXkEElmed8oVt+oOQf8SryAVUqDRKb/53ZinCiLkkhnT8twE2xnTKLiEvOSnBhLGr1kPWpZGTIFpZ8PncrpmlS4NY20rQjpUv09kTBnTV4HtVAyvzG9vIP7ntVIM99qZiJIUIeJfi8JUUozpICnaFRo4yr4ljGthb6X8itl80OZZsiF4v1/+S85qVW+nun2yVakfFHFMkRWyStaJR3ZJnRyTBmkSTu7IA3kiz8698+i8OK9frSNOMbNMfsB5/wR9v6Gq</latexit>

r± =

r
1� !2

2
±
p
�

<latexit sha1_base64="lAnHKFMHUdaSqkEwF5U+xo8fBQY=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUxDJT6mMjFHXhsoJ9QGdaMumdNjTzIMkIZegHuPFX3LhQxK0f4M6/MW1nodUDgcM553JzjxtxJpVpfhmZhcWl5ZXsam5tfWNzK7+905BhLCjUachD0XKJBM4CqCumOLQiAcR3OTTd4dXEb96DkCwM7tQoAscn/YB5jBKlpW6+YF8DVwRfYNsThCZFO/ShTzrlI+uwUx5X8DHu65RZMqfAf4mVkgJKUevmP+1eSGMfAkU5kbJtmZFyEiIUoxzGOTuWEBE6JH1oaxoQH6STTI8Z4wOt9LAXCv0Chafqz4mE+FKOfFcnfaIGct6biP957Vh5507CgihWENDZIi/mWIV40gzuMQFU8ZEmhAqm/4rpgOhSlO4vp0uw5k/+SxrlknVaOrmtFKqXaR1ZtIf2URFZ6AxV0Q2qoTqi6AE9oRf0ajwaz8ab8T6LZox0Zhf9gvHxDe9gmQA=</latexit>

� =
(!2 + 1)2

4
� g

Because 
<latexit sha1_base64="wFjpC5xsu9zZ0YjPzgr2+T37GP4=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiTia1l047KCfUATymQybYdOJnHmRimxn+LGhSJu/RJ3/o3TNgttPXDhcM693HtPkAiuwXG+raXlldW19cJGcXNre2fXLu01dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXD64nfemBK81jewShhfkT6kvc4JWCkrl3ygIuQZffjiqd5PyLHXbvsVJ0p8CJxc1JGOepd+8sLY5pGTAIVROuO6yTgZ0QBp4KNi16qWULokPRZx1BJIqb9bHr6GB8ZJcS9WJmSgKfq74mMRFqPosB0RgQGet6biP95nRR6l37GZZICk3S2qJcKDDGe5IBDrhgFMTKEUMXNrZgOiCIUTFpFE4I7//IiaZ5U3fPq2e1puXaVx1FAB+gQVZCLLlAN3aA6aiCKHtEzekVv1pP1Yr1bH7PWJSuf2Ud/YH3+ACxik/Q=</latexit>

q̃(�) is a solution, 
<latexit sha1_base64="yTnebyNiut0YRwCMXmiZgeM8Fl8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURX8uiG8FNBfuAJpTJZNIOnTycuVFK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/fe4yWCK7Csb6OwtLyyulZcL21sbm3vmOXdlopTSVmTxiKWHY8oJnjEmsBBsE4iGQk9wdre8Gritx+YVDyO7mCUMDck/YgHnBLQUs8sV28cogA7wIXPsvvxUc+sWDVrCrxI7JxUUI5Gz/xy/JimIYuACqJU17YScDMigVPBxiUnVSwhdEj6rKtpREKm3Gx6+hgfasXHQSx1RYCn6u+JjIRKjUJPd4YEBmrem4j/ed0Uggs341GSAovobFGQCgwxnuSAfS4ZBTHShFDJ9a2YDogkFHRaJR2CPf/yImkd1+yz2untSaV+mcdRRPvoAFWRjc5RHV2jBmoiih7RM3pFb8aT8WK8Gx+z1oKRz+yhPzA+fwCV4ZOW</latexit>

(K ⇤ q̃) must exist. Therefore, it implies:
<latexit sha1_base64="lZg2Zh0z1x2F4fqaWKu0BWNeATE=">AAACAXicbVC7SgNBFJ31GeNr1UawGQxCbMKu+CosgjaWUcwDkmWZndxNxsw+mJkVwiY2/oqNhSK2/oWdf+NskkITD1w4nHMv997jxZxJZVnfxtz8wuLScm4lv7q2vrFpbm3XZJQIClUa8Ug0PCKBsxCqiikOjVgACTwOda93lfn1BxCSReGd6sfgBKQTMp9RorTkmruDVkBU1/PS2yHgonDvD/EAX2DbNQtWyRoBzxJ7QgpogoprfrXaEU0CCBXlRMqmbcXKSYlQjHIY5luJhJjQHulAU9OQBCCddPTBEB9opY39SOgKFR6pvydSEkjZDzzdmZ0rp71M/M9rJso/d1IWxomCkI4X+QnHKsJZHLjNBFDF+5oQKpi+FdMuEYQqHVpeh2BPvzxLakcl+7R0cnNcKF9O4sihPbSPishGZ6iMrlEFVRFFj+gZvaI348l4Md6Nj3HrnDGZ2UF/YHz+AGamlY8=</latexit>

|Re(rj)| < 1

Thus, the general solution is:
<latexit sha1_base64="ubVDMHhIeeN8alHGE0kBzChqmag="></latexit>

q̃(�) =
4X

j=1

Aj e� rj with
<latexit sha1_base64="lZg2Zh0z1x2F4fqaWKu0BWNeATE=">AAACAXicbVC7SgNBFJ31GeNr1UawGQxCbMKu+CosgjaWUcwDkmWZndxNxsw+mJkVwiY2/oqNhSK2/oWdf+NskkITD1w4nHMv997jxZxJZVnfxtz8wuLScm4lv7q2vrFpbm3XZJQIClUa8Ug0PCKBsxCqiikOjVgACTwOda93lfn1BxCSReGd6sfgBKQTMp9RorTkmruDVkBU1/PS2yHgonDvD/EAX2DbNQtWyRoBzxJ7QgpogoprfrXaEU0CCBXlRMqmbcXKSYlQjHIY5luJhJjQHulAU9OQBCCddPTBEB9opY39SOgKFR6pvydSEkjZDzzdmZ0rp71M/M9rJso/d1IWxomCkI4X+QnHKsJZHLjNBFDF+5oQKpi+FdMuEYQqHVpeh2BPvzxLakcl+7R0cnNcKF9O4sihPbSPishGZ6iMrlEFVRFFj+gZvaI348l4Md6Nj3HrnDGZ2UF/YHz+AGamlY8=</latexit>

|Re(rj)| < 1

They are the parametric equations of 
<latexit sha1_base64="GTGCxWCsWeXuI4wECZUUV780vUU=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1nUhcsK9gFNLJPpTTt0JgkzE7GE/IobF4q49Ufc+TdO2i60emDgcM693DMnSDhT2nG+rNLS8srqWnm9srG5tb1j71bbKk4lhRaNeSy7AVHAWQQtzTSHbiKBiIBDJxhfFX7nAaRicXSnJwn4ggwjFjJKtJH6dtUTRI8o4dl1fu8lkgno2zWn7kyB/xJ3Tmpojmbf/vQGMU0FRJpyolTPdRLtZ0RqRjnkFS9VkBA6JkPoGRoRAcrPptlzfGiUAQ5jaV6k8VT9uZERodREBGaySKoWvUL8z+ulOrzwMxYlqYaIzg6FKcc6xkUReMAkUM0nhhAqmcmK6YhIQrWpq2JKcBe//Je0j+vuWf309qTWuJzXUUb76AAdIRedowa6QU3UQhQ9oif0gl6t3Hq23qz32WjJmu/soV+wPr4BaMqUsg==</latexit>

D0

They are the coordinates of  
<latexit sha1_base64="GTGCxWCsWeXuI4wECZUUV780vUU=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1nUhcsK9gFNLJPpTTt0JgkzE7GE/IobF4q49Ufc+TdO2i60emDgcM693DMnSDhT2nG+rNLS8srqWnm9srG5tb1j71bbKk4lhRaNeSy7AVHAWQQtzTSHbiKBiIBDJxhfFX7nAaRicXSnJwn4ggwjFjJKtJH6dtUTRI8o4dl1fu8lkgno2zWn7kyB/xJ3Tmpojmbf/vQGMU0FRJpyolTPdRLtZ0RqRjnkFS9VkBA6JkPoGRoRAcrPptlzfGiUAQ5jaV6k8VT9uZERodREBGaySKoWvUL8z+ulOrzwMxYlqYaIzg6FKcc6xkUReMAkUM0nhhAqmcmK6YhIQrWpq2JKcBe//Je0j+vuWf309qTWuJzXUUb76AAdIRedowa6QU3UQhQ9oif0gl6t3Hq23qz32WjJmu/soV+wPr4BaMqUsg==</latexit>

D0
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Completely 
real roots 

Fully 
imaginary 

Roots

Condition to be 
satisfied

<latexit sha1_base64="PxLJl8/uA795zOOjklwqXRjgC9Q="></latexit>

DimD0 = 4 + 1

<latexit sha1_base64="W9rHxGwO77EBKJal9TCKBj0bRM4="></latexit>

DimD0 = 2 + 1

<latexit sha1_base64="hwNQ8Gxr8b4Y98ARGN2rjbW3UAU=">AAACCXicdVDLTsJAFJ3iC/GFunQzSExw07QEkG4M0Y1LNPJIoCHTYYCR6SMzUxNSunXjr7hxoTFu/QN3/o1TwESNnuQmJ+fcm3vvcQJGhTSMDy21tLyyupZez2xsbm3vZHf3msIPOSYN7DOftx0kCKMeaUgqGWkHnCDXYaTljM8Tv3VLuKC+dy0nAbFdNPTogGIkldTLwmnXRXLkONFVPGPcjUhc4L2b4+mpCXO5XjZv6Fa1bJUsaOjGDAkpW8VSBZoLJQ8WqPey792+j0OXeBIzJETHNAJpR4hLihmJM91QkADhMRqSjqIecomwo9knMTxSSh8OfK7Kk3Cmfp+IkCvExHVUZ3Ks+O0l4l9eJ5SDqh1RLwgl8fB80SBkUPowiQX2KSdYsokiCHOqboV4hDjCUoWXUSF8fQr/J82iblb08mUpXztbxJEGB+AQFIAJTkANXIA6aAAM7sADeALP2r32qL1or/PWlLaY2Qc/oL19AgfMmeY=</latexit>

|Re(rj)| > 1!!

<latexit sha1_base64="ubVDMHhIeeN8alHGE0kBzChqmag="></latexit>

q̃(�) =
4X

j=1

Aj e� rj
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Because we have a nonlocal time-independent Lagrangian,

and the solution is obviously 
<latexit sha1_base64="xtA+zJNJ8t0c1T/gPT/XYi1Y/vQ=">AAACGHicbVDLSsNAFJ3UV62vqks3g0WoUGoi9bEplLpxWcE+oGnDZDqp084kcWYilJDPcOOvuHGhiNvu/Bunj4W2HrhwOOde7r3HDRmVyjS/jdTK6tr6Rnozs7W9s7uX3T9oyCASmNRxwALRcpEkjPqkrqhipBUKgrjLSNMd3kz85hMRkgb+vRqFpMNR36cexUhpycmePeZtSfscncIytGXEuyUnHpStBFa7A2gXSDee+XYBCmeQONmcWTSngMvEmpMcmKPmZMd2L8ARJ77CDEnZtsxQdWIkFMWMJBk7kiREeIj6pK2pjziRnXj6WAJPtNKDXiB0+QpO1d8TMeJSjrirOzlSD3LRm4j/ee1IededmPphpIiPZ4u8iEEVwElKsEcFwYqNNEFYUH0rxA9IIKx0lhkdgrX48jJpnBety+LFXSlXqc7jSIMjcAzywAJXoAJuQQ3UAQbP4BW8gw/jxXgzPo2vWWvKmM8cgj8wxj/6tZ6G</latexit>

q(�) =
4X

j=1

Bj e� rj with
<latexit sha1_base64="lZg2Zh0z1x2F4fqaWKu0BWNeATE=">AAACAXicbVC7SgNBFJ31GeNr1UawGQxCbMKu+CosgjaWUcwDkmWZndxNxsw+mJkVwiY2/oqNhSK2/oWdf+NskkITD1w4nHMv997jxZxJZVnfxtz8wuLScm4lv7q2vrFpbm3XZJQIClUa8Ug0PCKBsxCqiikOjVgACTwOda93lfn1BxCSReGd6sfgBKQTMp9RorTkmruDVkBU1/PS2yHgonDvD/EAX2DbNQtWyRoBzxJ7QgpogoprfrXaEU0CCBXlRMqmbcXKSYlQjHIY5luJhJjQHulAU9OQBCCddPTBEB9opY39SOgKFR6pvydSEkjZDzzdmZ0rp71M/M9rJso/d1IWxomCkI4X+QnHKsJZHLjNBFDF+5oQKpi+FdMuEYQqHVpeh2BPvzxLakcl+7R0cnNcKF9O4sihPbSPishGZ6iMrlEFVRFFj+gZvaI348l4Md6Nj3HrnDGZ2UF/YHz+AGamlY8=</latexit>

|Re(rj)| < 1

Notice that:
<latexit sha1_base64="jipmGFV3xtynK8xbL5oe/3sH6Qg=">AAACH3icbZDLTgIxFIY7eEO8oS7dNBIT3JAZ421jgrhxiYkoCQykUw5S6Fxsz5iQCW/ixldx40JjjDvfxg6yUPAkTb7+/zlpz+9FUmi07S8rMze/sLiUXc6trK6tb+Q3t250GCsONR7KUNU9pkGKAGooUEI9UsB8T8KtN7hI/dsHUFqEwTUOI3B9dheIruAMjdTOH98X7X16Rps69tt9Wmn10wsK2QF6X8Rf1rmxoJUogzhq5wt2yR4XnQVnAgUyqWo7/9nshDz2IUAumdYNx47QTZhCwSWMcs1YQ8T4gN1Bw2DAfNBuMt5vRPeM0qHdUJkTIB2rvycS5ms99D3T6TPs6WkvFf/zGjF2T91EBFGMEPCfh7qxpBjSNCzaEQo4yqEBxpUwf6W8xxTjaCLNmRCc6ZVn4eag5ByXjq4OC+XKJI4s2SG7pEgcckLK5JJUSY1w8kieySt5s56sF+vd+vhpzViTmW3yp6yvb/33n+8=</latexit>

q(0) =
X

j

Bj = q̃(t) =
X

j

Ajerjt
<latexit sha1_base64="WB4P401nMdG0Mv+VG1aTIDhrtss=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmQmdl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6nfqtJ1SaxfLBjBMMBBlIFjFKjJXaXSbsFtS9csWrejO4y8TPSQVy1Hvlr24/pqlAaSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lkoiUAfZ7N6Je2KVvhvFypY07kz9PZERofVYhLZTEDPUi95U/M/rpCa6DjImk9SgpPNFUcpdE7vT590+U0gNH1tCqGL2VpcOiSLU2IhKNgR/8eVl0jyr+pfVi/vzSu0mj6MIR3AMp+DDFdTgDurQAAocnuEV3pxH58V5dz7mrQUnnzmEP3A+fwBFa5Aj</latexit>

=)
<latexit sha1_base64="b4fqNbeLhx5YG/vD/yjPifNuB/4=">AAAB+3icbVDLTgIxFL2DL8TXiEs3jcTEFZkxvjYmiBuXmMgjgWHSKQUKnUfajpFM5lfcuNAYt/6IO//GArNQ8CT35uSce9Pb40WcSWVZ30ZuZXVtfSO/Wdja3tndM/eLDRnGgtA6CXkoWh6WlLOA1hVTnLYiQbHvcdr0xrdTv/lIhWRh8KAmEXV8PAhYnxGstOSaxWp3hK5vdKPdRLgjpFLXLFllawa0TOyMlCBDzTW/Or2QxD4NFOFYyrZtRcpJsFCMcJoWOrGkESZjPKBtTQPsU+kks9tTdKyVHuqHQleg0Ez9vZFgX8qJ7+lJH6uhXPSm4n9eO1b9KydhQRQrGpD5Q/2YIxWiaRCoxwQlik80wUQwfSsiQywwUTqugg7BXvzyMmmclu2L8vn9WalSzeLIwyEcwQnYcAkVuIMa1IHAEzzDK7wZqfFivBsf89Gcke0cwB8Ynz+P6pOD</latexit>

Bj = Ajerjt

<latexit sha1_base64="xRPOEnLSExi/m/utfBPU5xjhj3I="></latexit>

L (Ttq̃) =
1

2
˙̃q2(t)� !2

2
q̃2(t) +

g

4
q̃(t)

Z

R
d⇣K(⇣) q̃(t� ⇣)

the nonlocal Euler-Lagrange in moving coordinates are
<latexit sha1_base64="Mc+bn2mwOAuPaWFZNgpzNfbNrtQ="></latexit>

 (q,�) = �q̈(�)� !2q(�) +
g

2
(K ⇤ q)(�) = 0
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Let us compute the momenta:

<latexit sha1_base64="X6m/dD5e3HSqr3ucGjUYkXej0q4="></latexit>

= �(�) q̇(�) +
g

4
✓(�)(K ⇤ q)(�) �

g

4

Z 1

0
d⇣K(⇣ � �) q(⇣)

<latexit sha1_base64="ytl+UurFq/VLyLFosYWgK/feOjw=">AAAB83icdVDLSsNAFJ3UV62vqks3g0Wom5CUtja7ohsXLir0ITShTKaTduhkEmcmQg39DTcuFHHrz7jzb5y2EVT0wIXDOfdy7z1+zKhUlvVh5FZW19Y38puFre2d3b3i/kFXRonApIMjFokbH0nCKCcdRRUjN7EgKPQZ6fmTi7nfuyNC0oi31TQmXohGnAYUI6Ul96rcHrj3RCF4ezoolizTadScqgMt01pgTmpOpVqHdqaUQIbWoPjuDiOchIQrzJCUfduKlZcioShmZFZwE0lihCdoRPqachQS6aWLm2fwRCtDGERCF1dwoX6fSFEo5TT0dWeI1Fj+9ubiX14/UUHDSymPE0U4Xi4KEgZVBOcBwCEVBCs21QRhQfWtEI+RQFjpmAo6hK9P4f+kWzHtulm7rpaa51kceXAEjkEZ2OAMNMElaIEOwCAGD+AJPBuJ8Wi8GK/L1pyRzRyCHzDePgE/N5Ez</latexit>

L(T⇣q)
. 
. 
.

. 

. 

.

(After a bit of algebra…)

(After a bit of algebra…)
<latexit sha1_base64="8MwpDwUAJPw/3EAHstHXeELtt4k=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BItQL8tuaWv3VvTisYK1lXYp2TTbhibZNckKpfRXePGgiFd/jjf/jdl2BRV9MPB4b4aZeUHMqNKO82HlVlbX1jfym4Wt7Z3dveL+wY2KEolJG0cskt0AKcKoIG1NNSPdWBLEA0Y6weQi9Tv3RCoaiWs9jYnP0UjQkGKkjXR7V+4rOuLodFAsObbXqHlVDzq2s0BKal6lWoduppRAhtag+N4fRjjhRGjMkFI914m1P0NSU8zIvNBPFIkRnqAR6RkqECfKny0OnsMTowxhGElTQsOF+n1ihrhSUx6YTo70WP32UvEvr5fosOHPqIgTTQReLgoTBnUE0+/hkEqCNZsagrCk5laIx0girE1GBRPC16fwf3JTsd26XbuqlprnWRx5cASOQRm44Aw0wSVogTbAgIMH8ASeLWk9Wi/W67I1Z2Uzh+AHrLdPoY2QUw==</latexit>

q(�)

<latexit sha1_base64="QGB9scrwpykp/CxuoGlTv/MhmPI="></latexit>

P (q,�) =

Z

R
d⇣ [✓(�)� ✓(⇣)]

�L(T⇣q)

�q(�)

<latexit sha1_base64="O1e+/N2HqOqcZuEqoYUHbX+EoFQ="></latexit>

=
4X

j=1

Bj

✓
rj�(�) +

g

4

e�|�|

rj + sign(�)

◆
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Let us compute the (pre)symplectic form.

First of all, because our Lagrangian does not depend explicitly 
on time, 

<latexit sha1_base64="4vgH805X2SuyWVSeqs8/5N/uQdU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEfG2EohuXFewDmlgm05t26EwSZiZCiV34K25cKOLW33Dn3zhts9DWAxfOnHMvc+8JEs6Udpxvq7CwuLS8Ulwtra1vbG7Z2zsNFaeSQp3GPJatgCjgLIK6ZppDK5FARMChGQyux37zAaRicXSnhwn4gvQiFjJKtJE69p4XC+iRey+RTAC+xNN3xy47FWcCPE/cnJRRjlrH/vK6MU0FRJpyolTbdRLtZ0RqRjmMSl6qICF0QHrQNjQiApSfTfYf4UOjdHEYS1ORxhP190RGhFJDEZhOQXRfzXpj8T+vnerwws9YlKQaIjr9KEw51jEeh4G7TALVfGgIoZKZXTHtE0moNpGVTAju7MnzpHFccc8qp7cn5epVHkcR7aMDdIRcdI6q6AbVUB1R9Iie0St6s56sF+vd+pi2Fqx8Zhf9gfX5A1qGla8=</latexit>

!0 = !

The (pre)symplectic form is

. 

. 

.
(After a bit of algebra…)

<latexit sha1_base64="nn/Hn8IkV+/H/72YnNmHSJXdf1o="></latexit>

!0(q) =

Z

R
d� �P (q,�) ^ �q(�)

<latexit sha1_base64="xR/C7q08ujsoMlRqeFiUB7RjuPU=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQQYaJbW27K7pxWcE+oDOUTCbThmYeJhmxlP6KGxeKuPVH3Pk3pg9BRQ9cOJxzL/fe4yWcSWXbH0ZmZXVtfSO7mdva3tndM/fzbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRpczv3NHhWRxdKPGCXVDPIhYwAhWWuqbecenXGHYLN6eOpINQnzSNwu2VS3Xq6UatC1UQqhUWZByHUFk2XMUwBLNvvnu+DFJQxopwrGUPWQnyp1goRjhdJpzUkkTTEZ4QHuaRjik0p3Mb5/CY634MIiFrkjBufp9YoJDKcehpztDrIbytzcT//J6qQpq7oRFSapoRBaLgpRDFcNZENBnghLFx5pgIpi+FZIhFpgoHVdOh/D1KfyftM8sdG5VrsuFxsUyjiw4BEegCBCogga4Ak3QAgTcgwfwBJ6NqfFovBivi9aMsZw5AD9gvH0CH/yT4Q==</latexit>

�P (q,�)
<latexit sha1_base64="nDBQx64HTymsc+7eTW6T2Tbo0uc=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWom2FiW9vuim5cVrAP6Awlk8m0oZmHSaZQhv6JGxeKuPVP3Pk3pg9BRQ9cOJxzL/fe4yWcSWXbH0ZubX1jcyu/XdjZ3ds/MA+POjJOBaFtEvNY9DwsKWcRbSumOO0lguLQ47Trja/nfndChWRxdKemCXVDPIxYwAhWWhqYpuNTrjC8LzmSDUN8PjCLtlWrNGrlOrQtVEaoXF2SSgNBZNkLFMEKrYH57vgxSUMaKcKxlH1kJ8rNsFCMcDorOKmkCSZjPKR9TSMcUulmi8tn8EwrPgxioStScKF+n8hwKOU09HRniNVI/vbm4l9eP1VB3c1YlKSKRmS5KEg5VDGcxwB9JihRfKoJJoLpWyEZYYGJ0mEVdAhfn8L/SefCQpdW9bZSbF6t4siDE3AKSgCBGmiCG9ACbUDABDyAJ/BsZMaj8WK8LltzxmrmGPyA8fYJEAmTUQ==</latexit>

�q(�)
<latexit sha1_base64="BbYFwRbRKESGw+zwlc6rMLcfgX0="></latexit>

=

0

@
4X

j=1

rj �B
j

1

A ^
 

4X

k=1

�Bk

!
+ g

0

@
4X

j=1

�Bj

1� r2j

1

A ^
 

4X

k=1

rk �Bk

1� r2k

!
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Next,

The coordinantes 
<latexit sha1_base64="ZU7qYWXhV31zughYmeQAf3fk3C0=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzx4jGiWSAZQ0+nJmnt6Rm6e4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFieDauO63k1taXlldy68XNja3tneKu3sNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGTxejf3mEyrNY3lnhgn6Ee1LHnJGjZVuq/cP3WLJLbsTkEXizUgJZqh1i1+dXszSCKVhgmrd9tzE+BlVhjOBo0In1ZhQ9kj72LZU0gi1n01OHZEjq/RIGCtb0pCJ+nsio5HWwyiwnRE1Az3vjcX/vHZqwks/4zJJDUo2XRSmgpiYjP8mPa6QGTG0hDLF7a2EDaiizNh0CjYEb/7lRdI4KXvn5bOb01KlOosjDwdwCMfgwQVU4BpqUAcGfXiGV3hzhPPivDsf09acM5vZhz9wPn8AEYuNrA==</latexit>

Bj are related to 
<latexit sha1_base64="C4r1s3isW5JLJpZTLR0cEcjypWI=">AAACEHicbZC7TsMwFIadcivlFmBksagQDFWVIG5jBQtjkehFaqLIcZzWquOktoNURX0EFl6FhQGEWBnZeBvcNAO0HMnS5/9c7PP7CaNSWda3UVpaXlldK69XNja3tnfM3b22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzhzTTfeSBC0pjfq3FC3Aj1OQ0pRkpLnnk88iynVnNqThArWFyYZplrgaZsNPEsz6xadSsPuAh2AVVQRNMzv/REnEaEK8yQlD3bSpSbIaEoZmRScVJJEoSHqE96GjmKiHSzfKEJPNJKAMNY6MMVzNXfHRmKpBxHvq6MkBrI+dxU/C/XS1V45WaUJ6kiHM8eClMGVQyn7sCACoIVG2tAWFD9V4gHSCCstIcVbYI9v/IitE/r9kX9/O6s2rgu7CiDA3AIToANLkED3IImaAEMHsEzeAVvxpPxYrwbH7PSklH07IM/YXz+AEVjm4c=</latexit>

q0 , q̇0 , . . . ,
...
q 0 through 

Thus,
<latexit sha1_base64="h7hxrtLWbdzESUTwgEXRFwasZrg="></latexit>

! = �q̇0 ^ �q0 +
1

g
�
⇥
!2q0 + q̈0

⇤
^ �

⇥
!2q̇0 +

...
q 0

⇤

<latexit sha1_base64="/aeG3X2U2AN33sjaIYCRS7irVDc=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiSlrc2u6MZlRfuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr9x0kZQ0QMXDufcy733eDFnUlnWh1FYW9/Y3Cpul3Z29/YPyodHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzZleZ37unQrIovFPzmLoBnoTMZwQrLd3GI2tUrlim06w7NQdZprVERupOtdZAdq5UIEd7VH4fjiOSBDRUhGMpB7YVKzfFQjHC6aI0TCSNMZnhCR1oGuKASjddnrpAZ1oZIz8SukKFlur3iRQHUs4DT3cGWE3lby8T//IGifKbbsrCOFE0JKtFfsKRilD2NxozQYnic00wEUzfisgUC0yUTqekQ/j6FP1PulXTbpj1m1qldZnHUYQTOIVzsOECWnANbegAgQk8wBM8G9x4NF6M11VrwchnjuEHjLdPZyeN5w==</latexit>p0
<latexit sha1_base64="GtFRxkBoTAJzjQsRjCT9w1vOrpM="></latexit>

⇡0 :=
1
p
g
(!2 q0 + q̈0)

<latexit sha1_base64="vFxQsBXUmXKdB8Ws6kfCc2ZRol0="></latexit>

⇠0 :=
1
p
g
(!2 q̇0 +

...
q 0)

<latexit sha1_base64="otDsqEXXhLvnU3LMF1XXn++kW+I=">AAACK3icbZDLSgMxFIYzXmu9VV26CRZBEMqMeNsIpW5cVrAX6JQhkznThmZmYpJRS+n7uPFVXOjCC259D9MbaOsPgT/fOYfk/L7gTGnb/rDm5hcWl5YzK9nVtfWNzdzWdlUlqaRQoQlPZN0nCjiLoaKZ5lAXEkjkc6j5nctBvXYHUrEkvtFdAc2ItGIWMkq0QV6udIHdALgmWHg2du8haMGE3BpyOLm4gs00uA8D5uXydsEeCs8aZ2zyaKyyl3txg4SmEcSacqJUw7GFbvaI1Ixy6GfdVIEgtENa0DA2JhGoZm+4ax/vGxLgMJHmxBoP6e+JHomU6ka+6YyIbqvp2gD+V2ukOjxv9lgsUg0xHT0UphzrBA+CwwGTQDXvGkOoZOavmLaJJFSbeLMmBGd65VlTPSo4p4WT6+N8sTSOI4N20R46QA46Q0V0hcqogih6RM/oDb1bT9ar9Wl9jVrnrPHMDvoj6/sHDGylKA==</latexit>

= �p0 ^ �q0 + �⇡0 ^ �⇠0 <latexit sha1_base64="h5HdZloDx9pyyG4yWovwyqtjtIg=">AAACCHicdVDLSsNAFJ34rPUVdenCwSK4kJKUtjaLQtGNywr2AU0Ik+m0HTp5ODMRS+jSjb/ixoUibv0Ed/6NkzaCih4YOPece7lzjxcxKqRhfGgLi0vLK6u5tfz6xubWtr6z2xZhzDFp4ZCFvOshQRgNSEtSyUg34gT5HiMdb3ye+p0bwgUNgys5iYjjo2FABxQjqSRXP7CTa9c4iVzDntbtxL6lqrIjmtawDk1XLxhFq1axyhY0isYMKalYpXIVmplSABmarv5u90Mc+ySQmCEheqYRSSdBXFLMyDRvx4JECI/RkPQUDZBPhJPMDpnCI6X04SDk6gUSztTvEwnyhZj4nur0kRyJ314q/uX1YjmoOQkNoliSAM8XDWIGZQjTVGCfcoIlmyiCMKfqrxCPEEdYquzyKoSvS+H/pF0qmtVi5bJcaJxlceTAPjgEx8AEp6ABLkATtAAGd+ABPIFn7V571F6013nrgpbN7IEf0N4+AYDxmGM=</latexit>

{q0, p0} = {⇠0,⇡0} = 1

The non-vanishing elementary Poisson brackets

<latexit sha1_base64="BbYFwRbRKESGw+zwlc6rMLcfgX0="></latexit>

=

0

@
4X

j=1

rj �B
j

1

A ^
 

4X

k=1

�Bk

!
+ g

0

@
4X

j=1

�Bj

1� r2j

1

A ^
 

4X

k=1

rk �Bk

1� r2k

!

<latexit sha1_base64="MwYSZBYl5NkSbb2ItVr2zzc1sd0="></latexit>X

j

rnj Bj = q(n)0 , n = 0, . . . , 3
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For the Hamiltonian, we can procedure in the same way.

The Hamiltonian is

. 

. 

.
(After a bit of algebra…)

<latexit sha1_base64="8MwpDwUAJPw/3EAHstHXeELtt4k=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BItQL8tuaWv3VvTisYK1lXYp2TTbhibZNckKpfRXePGgiFd/jjf/jdl2BRV9MPB4b4aZeUHMqNKO82HlVlbX1jfym4Wt7Z3dveL+wY2KEolJG0cskt0AKcKoIG1NNSPdWBLEA0Y6weQi9Tv3RCoaiWs9jYnP0UjQkGKkjXR7V+4rOuLodFAsObbXqHlVDzq2s0BKal6lWoduppRAhtag+N4fRjjhRGjMkFI914m1P0NSU8zIvNBPFIkRnqAR6RkqECfKny0OnsMTowxhGElTQsOF+n1ihrhSUx6YTo70WP32UvEvr5fosOHPqIgTTQReLgoTBnUE0+/hkEqCNZsagrCk5laIx0girE1GBRPC16fwf3JTsd26XbuqlprnWRx5cASOQRm44Aw0wSVogTbAgIMH8ASeLWk9Wi/W67I1Z2Uzh+AHrLdPoY2QUw==</latexit>

q(�)

. 

. 

.
(After a bit of algebra…)

<latexit sha1_base64="p8KbVgLf+ud3R2IBYXx5WSNysNE="></latexit>

=
1

2
p20 +

!2

2
q20 �

p
g q0 ⇡0 +

1

2
⇡2
0 �

1

2
⇠20

<latexit sha1_base64="mxMNoTOs/DF3AKnjlugonZasvYA=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0WoUEJS2trsim5cVrCt0IQymU7aoZNHZybFEvodblwo4taPceffOGkjqOiBC4dz7uXee9yIUSEN40PLra1vbG7ltws7u3v7B8XDo64IY45JB4cs5HcuEoTRgHQklYzcRZwg32Wk506uUr83I1zQMLiV84g4PhoF1KMYSSU55WklqtgRrdj39HxQLBm61axbNQsaurFESupWtdaAZqaUQIb2oPhuD0Mc+ySQmCEh+qYRSSdBXFLMyKJgx4JECE/QiPQVDZBPhJMsj17AM6UMoRdyVYGES/X7RIJ8Iea+qzp9JMfit5eKf3n9WHpNJ6FBFEsS4NUiL2ZQhjBNAA4pJ1iyuSIIc6puhXiMOMJS5VRQIXx9Cv8n3apuNvT6Ta3UusziyIMTcArKwAQXoAWuQRt0AAZT8ACewLM20x61F+111ZrTsplj8APa2ye54ZF0</latexit>

(q, p,⇡, ⇠)
The variables: The sign is not 

defined, so the 
system is 

unstable? No!

<latexit sha1_base64="H9zkGbEyUhGsV5+TsLTDC5+jcPk="></latexit>

h(q) =

Z

R
d� P (q,�)q̇(�)� L(q)

<latexit sha1_base64="fuuIcTZqMVT9lSfccSd8hGTL70k=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAgVJCSlrc2u6MZlBfuANJTJdNIOnWTizEQooZ/hxoUibv0ad/6NkzaCih64cDjnXu69x48ZlcqyPoyV1bX1jc3CVnF7Z3dvv3Rw2JU8EZh0MGdc9H0kCaMR6SiqGOnHgqDQZ6TnT68yv3dPhKQ8ulWzmHghGkc0oBgpLbntyt35QNJxiM6GpbJlOs26U3OgZVoLZKTuVGsNaOdKGeRoD0vvgxHHSUgihRmS0rWtWHkpEopiRubFQSJJjPAUjYmraYRCIr10cfIcnmplBAMudEUKLtTvEykKpZyFvu4MkZrI314m/uW5iQqaXkqjOFEkwstFQcKg4jD7H46oIFixmSYIC6pvhXiCBMJKp1TUIXx9Cv8n3appN8z6Ta3cuszjKIBjcAIqwAYXoAWuQRt0AAYcPIAn8Gwo49F4MV6XrStGPnMEfsB4+wSsGpDj</latexit>

P (q,�)
<latexit sha1_base64="ZKinNDK3hNDVG198E6hVBf2tGaU="></latexit>

=
1

2
q̇20 +

!2

2
q20 �

g

2

4X

j,k=1

BjBk
1 + rjrk � r2j � r2k
(1� r2j )(1� r2k)
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Conclusions
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Conclusions

We have seen that:

• We develop a new formalism to deal with 
nonlocal Lagrangians.

• We extend Noether’s theorem for them.
It gives us, by analogy with the local case, 
the definition of the Legendre transform.

• We propose a Hamiltonian formalism for them.
Once we know how to coordinate the extended 
dynamic space, it provides us with the 
Hamiltonian and the symplectic form.   

Ph.D. thesis defence: Nonlocal Lagrangian formalism
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Conclusions

Observations:

• All of the above we have extended to classical 
field theory.

• Some applications: 
• Nonlocal electrodynamics - Dispersive 

Media. 
• Nonlocal harmonic oscillator. 
• p-adic strings. 
• Non-commutative theories (work in 

progress). 

Ph.D. thesis defence: Nonlocal Lagrangian formalism
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For physics

Dispersive Media:

Ph.D. thesis defence: Nonlocal Lagrangian formalism

<latexit sha1_base64="GkxJgfvzFxI+9ETkQw77DmzqAP4="></latexit>

S(Ã, R) =
1

4

Z

|x|R
dx F̃ab(x)

⇣
Mabcd ⇤ F̃cd

⌘

(x)

<latexit sha1_base64="zYP+Ym8BPvynDwvREZnwLnQcnvA="></latexit>

Mabcd(x) = (2⇡)�2
h
m(x) ⌘̂a[c⌘̂d]b + 2"(x)u[a⌘̂b][cud]

i

The (Belinfante-Rosenfeld) energy momentum tensor:
(for a wave package)

<latexit sha1_base64="YspYcDqrXqJSrO0C1S5AQoZ0hm4="></latexit>

U ⇡ 1

4
Re


d("!)

d!
Ẽ · Ẽ⇤

+
µ⇤

µ

d(µ!)

d!
H̃ · H̃⇤

�

<latexit sha1_base64="wPIdknkYmU/MBlzM1qV+ehe//O8="></latexit>

Si ⇡ 1

2
Re

h
Ẽ

⇤ ⇥ H̃
⇤i

<latexit sha1_base64="kNZ2PSSMD4izeZx3xMtmHJ28ncA="></latexit>

T
ij ⇡ 1

2
Re


Ẽ

⇤ i
D̃

j
+ H̃

i
B̃

⇤ j � 1

2

⇣
D̃ · Ẽ⇤

+ H̃ · B̃⇤⌘
�
ij

�

<latexit sha1_base64="9yz60kazKjt6hPdLZIhug5E2Qfg="></latexit>

Gi ⇡ 1

4
Re


1

!µ

d("µ!2)

d!
Ẽ⇥ B̃

⇤
�

New…



Thank you! 

Any question?


