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Emmy Noether 

• AMALIE EMMY NOETHER
(1882-1935)

• Mathematician
(Albert Einstein, Felix Klein and David Hilbert 
considered her one of the most brilliant minds.)

• Idea: Conservation laws derive 
from a more fundamental 
relationship: symmetries.

NOETHER’S THEOREM

Symmetry 2023 

“FOR EVERY CONTINUOUS SYMMETRY, 
THERE EXISTS A CONSERVED QUANTITY”
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Noether’s article 

E. Noether,  
·“Invariante Variationsprobleme,"  
· Nachr. v. d. Ges. d. Wiss. zu Göttingen 1918, pp235-257

Symmetry 2023 
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Noether’s article Symmetry 2023 

<latexit sha1_base64="85xjPgYLL9NI0DRTUu6GkCTRTtQ="></latexit>

S ([q]) =

Z t1

t0

dt L(q, q̇, t)

Int. Action:

+ the inf. transformations
<latexit sha1_base64="PV0ay8g2gA80BEGGAFQ0BPlvDPo=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GICGFXfDVC0MYygnlAdg2zk5tkyOwjM3eFEFLb+Cs2ForY+gV2/o27SQqNHhjmzDn3cuceL5JCo2V9GZm5+YXFpexybmV1bX3D3Nyq6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emte7Sv3aPSgtwuAWBxG4PusEoi04w0Rqmrv9OydSwocCHtAL2k+vQ+q0QCIbv3JNM28VrTHoX2JPSZ5MUW6an04r5LEPAXLJtG7YVoTukCkUXMIo58QaIsZ7rAONhAbMB+0Ox6uM6H6itGg7VMkJkI7Vnx1D5ms98L2k0mfY1bNeKv7nNWJsn7tDEUQxQsAng9qxpBjSNBfaEgo4ykFCGFci+SvlXaYYxyS9NAR7duW/pHpUtE+LJzfH+dLlNI4s2SF7pEBsckZK5JqUSYVw8kCeyAt5NR6NZ+PNeJ+UZoxpzzb5BePjGwsdl/A=</latexit>

q0(t) = q(t) + �q(t)
<latexit sha1_base64="GaENVdsbKA+9orE6HvYbD6khmsU=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoMQEcKMuF2EoBePEcwCmRh6OpWkSc9Cd40QQm5e/BUvHhTx6i9482/sJHPQ6IOCx3tVVNXzYyk0Os6XlZmbX1hcyi7nVlbX1jfsza2qjhLFocIjGam6zzRIEUIFBUqoxwpY4Euo+f2rsV+7B6VFFN7iIIZmwLqh6AjO0EgtexfvvFiJAAp4QC8o0kPqtUEio2iUXMvOO0VnAvqXuCnJkxTllv3ptSOeBBAil0zrhuvE2BwyhYJLGOW8REPMeJ91oWFoyALQzeHkjxHdN0qbdiJlKkQ6UX9ODFmg9SDwTWfAsKdnvbH4n9dIsHPeHIowThBCPl3USSTFiI5DoW2hgKMcGMK4EuZWyntMMY4munEI7uzLf0n1qOieFk9ujvOlyzSOLNkhe6RAXHJGSuSalEmFcPJAnsgLebUerWfrzXqftmasdGab/IL18Q1jopcW</latexit>

t0(t) = t+ �t(t)

<latexit sha1_base64="PU+7Dbn6xqwja7OYNsTGSTOC2pA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEfG2EohuXFe0DmlAmk5t26OTBzEQosQt/xY0LRdz6G+78GydtFtp6YOBwzr3cM8dLOJPKsr6N0sLi0vJKebWytr6xuWVu77RknAoKTRrzWHQ8IoGzCJqKKQ6dRAAJPQ5tb3id++0HEJLF0b0aJeCGpB+xgFGitNQz9xwfuCLYCYkaUMKzuzG+xFbPrFo1awI8T+yCVFGBRs/8cvyYpiFEinIiZde2EuVmRChGOYwrTiohIXRI+tDVNCIhSDeb5B/jQ634OIiFfpHCE/X3RkZCKUehpyfzmHLWy8X/vG6qggs3Y1GSKojo9FCQcqxinJeBfSaAKj7ShFDBdFZMB0QQqnRlFV2CPfvledI6rtlntdPbk2r9qqijjPbRATpCNjpHdXSDGqiJKHpEz+gVvRlPxovxbnxMR0tGsbOL/sD4/AG5VpVF</latexit>

�S = 0

+ Lagrangian will trans. so 
that it leaves the int. action

But what are the consequences?
<latexit sha1_base64="pvWswk2XHDcWaHFiao/G56WB8dA="></latexit>

E(q, q̇, q̈) �q + dJ(q, q̇)

dt
⌘ 0

<latexit sha1_base64="o4LFJInSm5iNjVV+mEzlgcpbyoo=">AAACGXicbVDLSgMxFM34rPU16tJNsAhuLDPiC0EoiuCiiwr2AZ2hZNJMG5rJjElGKMP8hht/xY0LRVzqyr8x0w6orRdCDufcc5N7vIhRqSzry5iZnZtfWCwsFZdXVtfWzY3NhgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wWWmN++JkDTkt2oYETdAPU59ipHSVMe0rs7OoeMLhBMnQkJRxGA1/cFON1TwLh1fcB9WO2bJKlujgtPAzkEJ5FXrmB/ajOOAcIUZkrJtW5Fyk2w+ZiQtOrEkEcID1CNtDTkKiHST0WYp3NVMF/qh0IcrOGJ/OxIUSDkMPN0ZINWXk1pG/qe1Y+WfugnlUawIx+OH/JhBFcIsJtilgmDFhhogLKj+K8R9pGNSOsyiDsGeXHkaNA7K9nH56OawVLnI4yiAbbAD9oANTkAFXIMaqAMMHsATeAGvxqPxbLwZ7+PWGSP3bIE/ZXx+A+C9n5g=</latexit>

E :=
@L

@q̇
q̇ � L

is a constant!

<latexit sha1_base64="x3ihXs2/NYOycO65gGUQSg9xkIk=">AAAB/XicbVDJSgNBEO1xjXGLy81LYxA8hRlxuwhBLx4jmAUyIfR0apImPT1Dd40QQ/BXvHhQxKv/4c2/sZPMQRMfFDzeq6KqXpBIYdB1v52FxaXlldXcWn59Y3Nru7CzWzNxqjlUeSxj3QiYASkUVFGghEaigUWBhHrQvxn79QfQRsTqHgcJtCLWVSIUnKGV2oV9vwMSGUV6RX1IjJCxou1C0S25E9B54mWkSDJU2oUvvxPzNAKFXDJjmp6bYGvINAouYZT3UwMJ433WhaalikVgWsPJ9SN6ZJUODWNtSyGdqL8nhiwyZhAFtjNi2DOz3lj8z2umGF62hkIlKYLi00VhKinGdBwF7QgNHOXAEsa1sLdS3mOacbSB5W0I3uzL86R2UvLOS2d3p8XydRZHjhyQQ3JMPHJByuSWVEiVcPJInskreXOenBfn3fmYti442cwe+QPn8wcsRJRq</latexit>

�t = ✏For time 
translation 
invariance:

<latexit sha1_base64="mYoxHmheqSujIAkoUUdVXe/91fE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBxrArvhohaGMZwTwgCWF2cpMMmZ3dzNwVQkhj46/YWChi6z/Y+TdOHoUmHhg4nHMPd+4JYikMet63k1pYXFpeSa9m1tY3Nrfc7Z2SiRLNocgjGelKwAxIoaCIAiVUYg0sDCSUg+7NyC8/gDYiUvfYj6EesrYSLcEZWqnh7teaIJHRHr2ix7QGsREyUrTWjJD2Gm7Wy3lj0HniT0mWTFFouF82yJMQFHLJjKn6Xoz1AdMouIRhppYYiBnvsjZULVUsBFMfjK8Y0kOrNGkr0vYppGP1d2LAQmP6YWAnQ4YdM+uNxP+8aoKty/pAqDhBUHyyqJVIihEdVUKbQgNH2beEcS3sXynvMM042uIytgR/9uR5UjrJ+ee5s7vTbP56Wkea7JEDckR8ckHy5JYUSJFw8kieySt5c56cF+fd+ZiMppxpZpf8gfP5A1eolzg=</latexit>

�q = �✏q̇ Conserved  
Energy function!
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Closer to Noether's theorem - Nonlocality Symmetry 2023 

But, very important! The proof 
involves integrations by parts… 

. 

.

. 

. 

<latexit sha1_base64="xGVA3c3mTIobhL0abRWC/Adi3U0="></latexit>

d

dt


@L

@q̇
�q

�
� d

dt

@L

@q̇
�q =

@L

@q̇
�q̇

<latexit sha1_base64="DJhyUM1ArtIIeMI4rXp+P4u1Q/Q="></latexit>Z t1

t0

dt

⇢
@L

@q
�q +

@L

@q̇
�q̇ +

d

dt
[L(q, q̇)�t]

�

But, could we apply this step when the Lagrangian is nonlocal?

+

<latexit sha1_base64="5DYltiNT/PEWpPa7i9OnE0rmbtM=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkIGFXfDVC0EILiwjmAdklzE5mkyGzj8zcFcKSb7DxV2wsFLG1svNvnCRbaOKBC4dz7uXee9xIcAWm+W1kFhaXlleyq7m19Y3Nrfz2Tl2FsaSsRkMRyqZLFBM8YDXgIFgzkoz4rmANt3819hsPTCoeBvcwjJjjk27APU4JaKmdL90WWwPnEEoXeFCEki2YB8VrmyjAA1vybg9K7UQbI9zOF8yyOQGeJ1ZKCihFtZ3/sjshjX0WABVEqZZlRuAkRAKngo1ydqxYRGifdFlL04D4TDnJ5KURPtBKB3uh1BUAnqi/JxLiKzX0Xd3pE+ipWW8s/ue1YvDOnYQHUQwsoNNFXiwwhHicD+5wySiIoSaESq5vxbRHJKGgU8zpEKzZl+dJ/ahsnZZP7o4Llcs0jizaQ/uoiCx0hiroBlVRDVH0iJ7RK3oznowX4934mLZmjHRmF/2B8fkD+neb0g==</latexit>

L([q], t) = q(t) (G ⇤ q)(t)
<latexit sha1_base64="IQawkeezYmZJfEZjnqyrkgllUOg=">AAACJ3icbZDLSgMxFIYz9V5vVZdugkVoQcuMeNsoogtdqtgqdErJpGkbTDJjckYow7yNG1/FjaAiuvRNTNtZqPWHwMd/ziHn/EEkuAHX/XRyY+MTk1PTM/nZufmFxcLScs2EsaasSkMR6puAGCa4YlXgINhNpBmRgWDXwe1Jv359z7ThobqCXsQaknQUb3NKwFrNwuHBXQnK2OcKmokvCXSDILlM0wFqmbRS3/COJP7GaQk2h1zGd6WMmoWiW3EHwqPgZVBEmc6bhRe/FdJYMgVUEGPqnhtBIyEaOBUszfuxYRGht6TD6hYVkcw0ksGdKV63Tgu3Q22fAjxwf04kRBrTk4Ht7K9v/tb65n+1egzt/UbCVRQDU3T4UTsWGELcDw23uGYURM8CoZrbXTHtEk0o2GjzNgTv78mjUNuqeLuVnYvt4tFxFsc0WkVrqIQ8tIeO0Bk6R1VE0QN6Qq/ozXl0np1352PYmnOymRX0S87XN+L/pfE=</latexit>

= q(t)

Z

R
d�G(t� �)q(�) There are no 

derivatives... 
<latexit sha1_base64="uKmNF/w44bMGVz88PJC7ct2rQI0="></latexit>

= q(t)

Z

R
d�G(��)q(� + t)

<latexit sha1_base64="AvhmU4ItarIyOSd9vIP57J0AkZ8="></latexit>

q(� + t) =
1X

n=0

�n

n!
q(n)(t)

<latexit sha1_base64="qq9QgjbQAlmgj6hSKYRU1xIk1i4=">AAACEXicbZDLSsNAFIYn3q23qEs3g0WoICURbxtBdONSwVahacNkOmmHTibpzIkQQl/Bja/ixoUibt25822ctllo9YeBj/+cw5nzB4ngGhzny5qanpmdm19YLC0tr6yu2esbdR2nirIajUWs7gKimeCS1YCDYHeJYiQKBLsNehfD+u09U5rH8gayhDUj0pE85JSAsXy7coo9nUYtj8sQMj+Xp84AE196e/0K7OJ+K6/I3YFB3y47VWck/BfcAsqo0JVvf3rtmKYRk0AF0brhOgk0c6KAU8EGJS/VLCG0RzqsYVCSiOlmPrpogHeM08ZhrMyTgEfuz4mcRFpnUWA6IwJdPVkbmv/VGimEJ82cyyQFJul4UZgKDDEexoPbXDEKIjNAqOLmr5h2iSIUTIglE4I7efJfqO9X3aPq4fVB+ey8iGMBbaFtVEEuOkZn6BJdoRqi6AE9oRf0aj1az9ab9T5unbKKmU30S9bHNwhdm+A=</latexit>

=
1X

n=0

an q(t)q
(n)(t)

But, we have to integrate 
by parts infinite times…

<latexit sha1_base64="Zd01fygS2Z8/SaPNb++E8+3RHhg="></latexit>✓
an :=

Z

R
d�

�nG(��)

n!

◆
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Noether’s theorem for nonlocal Lagrangians Symmetry 2023 

NL integral action
+

Noether theorem
. 
.
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<latexit sha1_base64="SVIEeVX2fChDUCVb8UpPD4Lfdbk="></latexit>

S(q,R) =

Z

|t|R
dt L(Ttq, t) , 8R 2 R+

Nonlocal ingredients - Noether’s theorem

The 1-parameter family of finite action integrals

Symmetry 2023 

<latexit sha1_base64="SlugtkD9WnWWamseq8ibB//17Yc="></latexit>

L([q], t) = q(t)

Z

R
d�G(t� �)q(�)

<latexit sha1_base64="uKmNF/w44bMGVz88PJC7ct2rQI0="></latexit>

= q(t)

Z

R
d�G(��)q(� + t)

<latexit sha1_base64="XK5wpX/IRx3EiTeYcEF0g079do4="></latexit>

= Ttq(0)

Z

R
d�G(��)Ttq(�)

<latexit sha1_base64="MiOmvhmCGqnoYavhW63rS3Cgzbk=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzTCxrW13RTcuXFToS9qhZNJMG5rJjElGKEO/wo0LRdz6Oe78G9OHoKIHLhzOuZd77/EizpR2nA8rtbK6tr6R3sxsbe/s7mX3D1oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9saXM799T6VioWjoSUTdAA8F8xnB2ki31/lGX8O7U9jP5hy7XKyWCxXo2KiAUKG0IMUqgsh25siBJe r97HtvEJI4oEITjpXqIifSboKlZoTTaaYXKxphMsZD2jVU4IAqN5kfPIUnRhlAP5SmhIZz9ftEggOlJoFnOgOsR+q3NxP/8rqx9ituwkQUayrIYpEfc6hDOPseDpikRPOJIZhIZm6FZIQlJtpklDEhfH0K/yetMxud26WbYq52sYwjDY7AMcgDBMqgBq5AHTQBAQF4AE/g2ZLWo/VivS5aU9Zy5hD8gPX2CYZuj5o=</latexit>

L(Ttq)

Ex: Time evolution operator   

 Noether’s Theorem for NL Lagrangians

• Consider the infinitesimal transformations:
<latexit sha1_base64="1do57wdouChJr9JczZaih91KGhs=">AAACBnicbVDJSgNBEO2JW4zbqEcRGoMQEcKMuF2EoBePEcwCSQw9PTVJk56F7hohhJy8+CtePCji1W/w5t/YWQ4afVDweK+KqnpeIoVGx/myMnPzC4tL2eXcyura+oa9uVXVcao4VHgsY1X3mAYpIqigQAn1RAELPQk1r3c18mv3oLSIo1vsJ9AKWScSgeAMjdS2d/GumSgRQgEP6AVFekibPkhkFI3StvNO0RmD/iXulOTJFOW2/dn0Y56GECGXTOuG6yTYGjCFgksY5pqphoTxHutAw9CIhaBbg/EbQ7pvFJ8GsTIVIR2rPycGLNS6H3qmM2TY1bPeSPzPa6QYnLcGIkpShIhPFgWppBjTUSbUFwo4yr4hjCthbqW8yxTjaJLLmRDc2Zf/kupR0T0tntwc50uX0ziyZIfskQJxyRkpkWtSJhXCyQN5Ii/k1Xq0nq03633SmrGmM9vkF6yPbyYUlwI=</latexit>

t0(t) = t+ �t(t)
<latexit sha1_base64="Wzjd619O2+3+JM0NziX4JO94VPg=">AAACCXicbVDLSgMxFM3UV62vqks3wSJUhDIjvjZC0Y3LCvYBbS2Z9LYNzTya3BHK0K0bf8WNC0Xc+gfu/BszbRfaeiDk5Jx7ubnHDaXQaNvfVmphcWl5Jb2aWVvf2NzKbu9UdBApDmUeyEDVXKZBCh/KKFBCLVTAPFdC1e1fJ371AZQWgX+HwxCaHuv6oiM4QyO1snRw3wiV8CCPh/SSDpLriDbaIJGNX61szi7YY9B54kxJjkxRamW/Gu2ARx74yCXTuu7YITZjplBwCaNMI9IQMt5nXagb6jMPdDMebzKiB0Zp006gzPGRjtXfHTHztB56rqn0GPb0rJeI/3n1CDsXzVj4YYTg88mgTiQpBjSJhbaFAo5yaAjjSpi/Ut5jinE04WVMCM7syvOkclxwzgqntye54tU0jjTZI/skTxxyTorkhpRImXDySJ7JK3mznqwX6936mJSmrGnPLvkD6/MHzL6X3A==</latexit>

q0(t) = q(t) + �q(t)

The NL Lagrangian will transform so that it leaves the NL action 
integral invariant, namely,

<latexit sha1_base64="WpTNP+M4Q3O5DJzxJr/COogyEE4="></latexit>Z t01

t00

dt0L0(Tt0q
0, t0) =

Z t1

t0

dt L(Ttq, t)
<latexit sha1_base64="gbKuVdjzkc6WPCkXEC3ZwtZ8L8s=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCq2FiW9suhKIblxXtAzpDyWTSNjTzIMkIZezCX3HjQhG3/oY7/8ZMW0FFDwQO59zLPTlezJlUtv1hLCwuLa+s5tby6xubW9vmzm5LRokgtEkiHomOhyXlLKRNxRSnnVhQHHictr3RRea3b6mQLApv1DimboAHIeszgpWWeua+41OuMHQCrIYE8/R6As+g3TMLtlUp1SrFKrQtVESoWJ6RUg1BZNlTFMAcjZ757vgRSQIaKsKxlF1kx8pNsVCMcDrJO4mkMSYjPKBdTUMcUOmm0/wTeKQVH/YjoV+o4FT9vpHiQMpx4OnJLKb87WXiX143Uf2qm7IwThQNyexQP+FQRTArA/pMUKL4WBNMBNNZIRligYnSleV1CV8/hf+T1omFTq3yValQP5/XkQMH4BAcAwQqoA4uQQM0AQF34AE8gWfj3ng0XozX2eiCMd/ZAz9gvH0CIL2VjA==</latexit>

�S = 0
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Noether’s theorem Symmetry 2023 

The procedure to prove it is exactly the same, except for one 
step!  Instead of integrating by parts, we use a (more complex) 

“trick” to get the boundary terms! 

<latexit sha1_base64="xGVA3c3mTIobhL0abRWC/Adi3U0="></latexit>

d

dt


@L

@q̇
�q

�
� d

dt

@L

@q̇
�q =

@L

@q̇
�q̇

<latexit sha1_base64="3gk3mQlSd+WoC+ukdSWYBlA5JAw="></latexit>

�(q, t,t+ ⇣)�q(t+ ⇠)� �(q, t� ⇠, t)�q(t) =

=

Z 1

0
d⌘

@

@⌘
[�(q, t+ (⌘ � 1)⇠, t+ ⌘⇠)�q(t+ ⌘⇠)]

= ⇠

Z 1

0
d⌘

@

@t
[�(q, t+ (⌘ � 1)⇠, t+ ⌘⇠)�q(t+ ⌘⇠)]

<latexit sha1_base64="y0CNL5Jt62G8VF/UXrJKPJloIYo="></latexit>

�(q, t,�) =
�L(Ttq, t)

�q(�)

The result:
<latexit sha1_base64="oXWY7qu9NFqitm+qDp8O8m4uuqo= "></latexit>

E([q], t)�q(t) + d

dt
[L(Ttq, t)�t(t) + U(Ttq, t)] ⌘ 0

<latexit sha1_base64="7xPFjic0I9aB5HXVuo8e7N4Kq4I=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiBEkDAjbsegF/EUIRsmIfR0OkmTnp6xu0YIQ/7CiwdFvPo33vwbO8tBEx8UPN6roqqeH0lh0HW/ndTS8srqWno9s7G5tb2T3d2rmjDWjFdYKENd96nhUiheQYGS1yPNaeBLXvMHN2O/9sS1EaEq4zDirYD2lOgKRtFKD3f5chvJ4wket7M5t+BOQBaJNyM5mKHUzn41OyGLA66QSWpMw3MjbCVUo2CSjzLN2PCIsgHt8YaligbctJLJxSNyZJUO6YbalkIyUX9PJDQwZhj4tjOg2Dfz3lj8z2vE2L1qJUJFMXLFpou6sSQYkvH7pCM0ZyiHllCmhb2VsD7VlKENKWND8OZfXiTV04J3UTi/P8sVr2dxpOEADiEPHlxCEW6hBBVgoOAZXuHNMc6L8+58TFtTzmxmH/7A+fwBBc6P2w==</latexit>

J(Ttq, t)

<latexit sha1_base64="mVcA66SXGq6U5F0PeIyWNR6I1A4=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgadk1iUkOQtCLxyjmAckSZiezyZDZ2WVmVghL/sCLB0W8+kfe/BsnD0FFCxqKqm66u/yYM6Ud58PKrKyurW9kN3Nb2zu7e/n9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHVzG/fU6lYJO70JKZeiIeCBYxgbaTbC6efLzh2pVSrFKvIsd2i6xbLC1Kquci1nTkKsESjn3/vDSKShFRowrFSXdeJtZdiqRnhdJrrJYrGmIzxkHYNFTikykvnl07RiVEGKIikKaHRXP0+keJQqUnom84Q65H67c3Ev7xuooOqlzIRJ5oKslgUJBzpCM3eRgMmKdF8YggmkplbERlhiYk24eRMCF+fov9J68x2z+3yTalQv1zGkYUjOIZTcKECdbiGBjSBQAAP8ATP1th6tF6s10VrxlrOHMIPWG+fZVWNTA==</latexit>

= 0

is a constant!

<latexit sha1_base64="RcPQOLH23JOBsRmt1xTB8zwIrVU="></latexit>

U(Ttq, t) =

Z

R
d⇢ �q(t+ ⇢)P (q, t, ⇢)

<latexit sha1_base64="2f7PHMZH/XVc/vM0/487yeF4d9U="></latexit>

P (q, t, ⇢) =

Z

R
d⇣ [✓(⇢)� ✓(⇣)]

�L(Tt+⇣q, t+ ⇣)

�q(t+ ⇢)
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Energy function - Nonlocal Physics Symmetry 2023 

• Consider the time-translation transformation

<latexit sha1_base64="IMhJkrmZiVG3PXErXt5bTMn2rJo=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGbE7SIEvXiMYBbIhNDTqUma9Cx014hhyK948aCIV3/Em39jTzIHTXxQ8Hiviqp6XiyFRtv+tgorq2vrG8XN0tb2zu5eeb/S0lGiODR5JCPV8ZgGKUJookAJnVgBCzwJbW98m/ntR1BaROEDTmLoBWwYCl9whkbqlyvuACQyitfUhVgLmYlVu2bPQJeJk5MqydHol7/cQcSTAELkkmnddewYeylTKLiEaclNNMSMj9kQuoaGLADdS2e3T+mxUQbUj5SpEOlM/T2RskDrSeCZzoDhSC96mfif103Qv+qlIowThJDPF/mJpBjRLAg6EAo4yokhjCthbqV8xBTjaOIqmRCcxZeXSeu05lzUzu/PqvWbPI4iOSRH5IQ45JLUyR1pkCbh5Ik8k1fyZk2tF+vd+pi3Fqx85oD8gfX5A3XilBY=</latexit>

�t = ✏
<latexit sha1_base64="Kjs7X2caaQb7islGaLtZ8Iwv+yc=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgoWFXfDVC0MYygnlANoTZyU0yZHZ2M3NXCCGVjb9iY6GIrd9g5984eRQaPTBwOOce7twTxFIYdN0vJzU3v7C4lF7OrKyurW9kN7fKJko0hxKPZKSrATMghYISCpRQjTWwMJBQCbrXI79yD9qISN1hP4Z6yNpKtARnaKVGdtdvgkRGe/SSHlEfYiNkpPxDvxkh7TWyOTfvjkH/Em9KcmSKYiP7aYM8CUEhl8yYmufGWB8wjYJLGGb8xEDMeJe1oWapYiGY+mB8xpDuW6VJW5G2TyEdqz8TAxYa0w8DOxky7JhZbyT+59USbF3UB0LFCYLik0WtRFKM6KgT2hQaOMq+JYxrYf9KeYdpxtE2l7EleLMn/yXl47x3lj+9PckVrqZ1pMkO2SMHxCPnpEBuSJGUCCcP5Im8kFfn0Xl23pz3yWjKmWa2yS84H98kc5eq</latexit>

�q = �✏ q̇

Def: The energy function is

with

<latexit sha1_base64="/epn2jvOysHS4QV+CU8lilgB/uw="></latexit>

E(Ttq) = �✏�1J(Ttq) =

Z

R
d⇢ q̇(⇢+ t)P (q, ⇢, t)� L(Ttq)

<latexit sha1_base64="3PFWSgg8Z6WMef3n3utmyBps6sU="></latexit>

P (q, ⇢, t) =

Z

R
d⇣[✓(⇢)� ✓(⇣)]

�L(T⇣+tq)

�q(⇢+ t)

Check:
<latexit sha1_base64="1gpn+8elXQM6px59seds304o8EA=">AAACI3icbVDLSgMxFM3UV62vqks3wSK0UMqM+KIgFN24cFGhL2jLkEnTNjTzMLkjlNJ/ceOvuHGhFDcu/BfTmVlo64GEwzn33uQeJxBcgWl+GamV1bX1jfRmZmt7Z3cvu3/QUH4oKatTX/iy5RDFBPdYHTgI1gokI64jWNMZ3c795hOTivteDcYB67pk4PE+pwS0ZGfL9/maDfixgMvXOOadnq8F28RFHFm2WcBzL9bzUChGd8HO5sySGQEvEyshOZSgamdnegQNXeYBFUSptmUG0J0QCZwKNs10QsUCQkdkwNqaesRlqjuJdpziE630cN+X+niAI/V3x4S4So1dR1e6BIZq0ZuL/3ntEPpX3Qn3ghCYR+OH+qHA4ON5YLjHJaMgxpoQKrn+K6ZDIgkFHWtGh2AtrrxMGqcl66J0/nCWq9wkcaTRETpGeWShS1RBd6iK6oiiZ/SK3tGH8WK8GTPjMy5NGUnPIfoD4/sH+kye9A==</latexit>

L(Ttq) := L(Ttq̇0, Ttq0) = L(q̇(t), q(t))

<latexit sha1_base64="ubCcK1dU4A/cLVpGo2bLl5TJMro="></latexit>

E(q, q̇) =
@L(q̇, q)

@q̇
q̇ � L(q, q̇)!!

• Application to Nonlocal Physics: Dispersive Media
<latexit sha1_base64="GkxJgfvzFxI+9ETkQw77DmzqAP4="></latexit>

S(Ã, R) =
1

4

Z

|x|R
dx F̃ab(x)

⇣
Mabcd ⇤ F̃cd

⌘

(x)

<latexit sha1_base64="YspYcDqrXqJSrO0C1S5AQoZ0hm4="></latexit>

U ⇡ 1

4
Re


d("!)

d!
Ẽ · Ẽ⇤

+
µ⇤

µ

d(µ!)

d!
H̃ · H̃⇤

� <latexit sha1_base64="9yz60kazKjt6hPdLZIhug5E2Qfg="></latexit>

Gi ⇡ 1

4
Re


1

!µ

d("µ!2)

d!
Ẽ⇥ B̃

⇤
�New…Results for a wave package:
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Conclusions

• Noether's theorem connects the symmetries 
of our system with the conservation laws.

<latexit sha1_base64="HxlYUUnqoL52Xags/uLQNF3rFAc=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoNyWRom6EogvdWcE+oAlhMp20QycPZiZiCfkBN/6KGxeKuHXvzr9x0kbQ1gMDZ865l3vvcSNGhTSML62wsLi0vFJcLa2tb2xu6ds7bRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxRxeZ37kjXNAwuJXjiNg+GgTUoxhJJTn6geUjOcSIJddpxas6SeW+mp5VLi0kJPz5O3rZqBkTwHli5qQMcjQd/dPqhzj2SSAxQ0L0TCOSdoK4pJiRtGTFgkQIj9CA9BQNkE+EnUyuSeGhUvrQC7l6gYQT9XdHgnwhxr6rKrPdxayXif95vVh6p3ZCgyiWJMDTQV7MoAxhFg3sU06wZGNFEOZU7QrxEHGEpQqwpEIwZ0+eJ+2jmnlcq9/Uy43zPI4i2AP7oAJMcAIa4Ao0QQtg8ACewAt41R61Z+1Ne5+WFrS8Zxf8gfbxDX+pmo8=</latexit>

O(f)(x) = (G ⇤ f)(x)

• Noether’s theorem involves theories with 
local operators (derivatives). What if it 
involves pseudo-differential operators or 
integro-differential operators?

• We propose an extension of Noether’s theorem 
for them.

Symmetry 2023 
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Conclusions

Observations:

• All of the above we have extended to classical 
field theory.

• Some applications: 
• Nonlocal electrodynamics - Dispersive 

Media. 
• Nonlocal harmonic oscillator. 
• p-adic strings. 
• Non-commutative theories (End of July). 

Symmetry 2023 



Thank you! 

Any question?


